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Robbins and Monro [1951] describes a root finding algorithm which replaces direct computation
of the function with a (random) estimate. Given a suitable increasing function M, one can solve for
its root x* (satisfying M (x*) = 0) by iterating x,+; = x, — a,M (x,,) with an appropriate step size
sequence {a,}. Assuming that M is differentiable with 0 < 5 < M’ < 7y gives M(x,) — M (x*) =
M’ (x))(x, — x*) for some x, between x,, x*, hence with all 0 < a, < 1/y,
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If {a,} is chosen such that },°, a, = oo (optimally, a, = 1/y), we have convergence with
X, — x*.

If computing M (x) is intractable, we may instead use an estimate y(x), specifically an unbiased
estimator satisfying E[y(x) | x] = M(x) and E[y(x)? | x] uniformly bounded. Our new iterative
scheme is x,4+1 = x, — a,y,, Where y, is an instance of y(x,). With some careful conditions
on M and y, Robbins and Monro [1951] show that for sequences {a,} of type 1/n (we want
c/n < a, < c’[n for constants ¢,c¢’ > 0), we have convergence with x, — x* in L? (hence in
probability).

In the context of minimizing a function f, the gradient V f plays the role of M here; the algorithm
is one of stochastic gradient descent (SGD). The conditions on M thus correspond to assumptions
on the smoothness and convexity of f.

We have seen how SGD can be used effectively to compute quantities like maximum a posteriori
(MAP) estimates of parameters in probabilistic models. Here, the gradient of the objective function
to be minimized (the negative log joint density) is often expensive to compute since it depends on all
of the given data x. Since an unbiased estimate of % 2y &(x;) is g(xp) (or indeed % Z’}Ll g(x1,)),
where I (or each I;) is uniformly random over the indices {1,...,n}, SGD lets us deal with gradients

of this form using a small fraction of our data at each iterate.

Stochastic gradients are a key idea in Ranganath et al. [2014]: the gradient of the ELBO to be
optimized is an expectation over the variational distribution g, which is estimated by a Monte-Carlo
average using samples from g.
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