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Chapter 1

Matrix Operations

1.4 Permutation Matrices

Exercise 1. Consider the permutation p defined by 1 ~» 3, 2~ 1,3 ~> 4, 4 ~» 2.

(a) Find the associated permutation matrix P.
(b) Write p as a product of transpositions and evaluate the corresponding matrix product.
(c) Compute the sign of p.

Solution.

(a) The column P; must be the standard basis vector e, so

O = O O
o O O
= o o O
O O = O

(b) Check that p = (1,3,4,2) = (1,2)(1,4)(1,3). This product is given by

010 00 O0O0 10 0 1 O 0100
10 0 0101 0O 0100_0001_P
001 0](0 01 01 O0O0O 1 0 00 '
0 00 1)1 00 0] (0001 0010

(c) Since p is the product of an odd number of transpositions, its sign is —1. This is verified
by calculating the determinant

0100 100 0 100 0 1000
000 1 000 1 0100 0100
det 1y o g ol =79 g 1 g ol T g o 0 1| T g o 1 ol ="
0010 0010 0010 000 1

Exercise 2. Prove that every permutation matrix is a product of transpositions.

Solution. Note that this is equivalent to stating that any ordered list can be sorted using
transpositions.
The statement is trivially true for all 2 x 2 permutation matrices,
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Algebra Matrix Operations

the first being the identity and the second being a transposition itself. Suppose that any n x n
permutation matrix is the product of transpositions. Use the fact that for square matrices A

and B,
A 0| |B 0| [AB 0
0 1{|0 1| |0 1|’

which means that if a permutation matrix P = E1FEs ... E}, then

P ol _[E 0] [E 0

o 1 [0 1] |0 1]’
Now let @) be an arbitrary (n+ 1) X (n+ 1) permutation matrix. Let j be the index of the row
of @ which is precisely (0 ...01), and let E be the transposition matrix which interchanges the

rows j <> n + 1. Then,
"0

where Q' is an n x n permutation matrix. This is because @ has exactly one 1 in each row
and column, the remaining elements being 0. Multiply both sides by F, and use the fact that
E? =1. Now, @' is a product of transpositions E ... Ej, so we finally have

@ 0l . [E 0] [Ex O
A R R N

Exercise 3. Prove that every matrix with a single 1 in each row and a single 1 in each column,
the other entries being zero, is a permutation matrix.

Solution. Note that each column of such a matrix P must be a distinct standard basis vector e,
and we claim that this matrix represents the permutation p defined as p(j) = k, where P; = e,
is the j* column of P. Now, p is a bijection because every column j has one and exactly one 1
in the k' row. This justifies that p is indeed a permutation. When P acts on a column vector
x, we have

Px = Pixy+ Poxo+---+ Poxy = €p(1)T1 + €p2)T2 + -+ + €y(p) T

This means that

Z1 Tp=1(1)
x9 Tpy—1
Pl = P . (2)

Tn Lp=1(n)

Exercise 4. Let p be a permutation. Prove that signp = signp~!.

Solution. This follows directly from the fact that det P~* = 1/det P, and that det P = +1 so
det P! = det P.

Exercise 5. Prove that the transpose of a permutation matrix P is its inverse.

Solution. Recall that det P = +1, so P is invertible. Write the permutation matrix P in terms
of its columns,
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Algebra Matrix Operations

where p represents the corresponding permutation. Now note that the transpose can be written
as

_ e%(l) _
p_| &
O
j) = 0ij, meaning
that P'P = 1. We have used the fact that p is a bijection, so p(i) = p(j) if and only if i = j.
Thus, P~ = P,

Therefore, the ij*® element of the product P'P is given by e;(i) ep(j) = Op(i)p(

1.5 Cramer’s Rule

Exercise 3. Let A be an n x n matrix with integer entries a;;. Prove that A~! has integer
entries if and only if det A = +1.

Solution. First, suppose that det A = 1. If the entries of A~! are bij, use

_ 1 .
A 1:7detAad‘]A

to conclude that
b= L
Y det A
Note that Aj;; contains integer entries, hence its determinant must also be an integer via the
complete expansion. Putting det A = £1 means that b;; is always an integer.
Now suppose that A~! has integer entries. Use det A = 1/det A~'. Now both A and A~!
have integer entries, hence integer determinants, with |det A=!| > 1. This forces det A = +1.

—1)i+j det Aﬂ

Miscellaneous Problems

Exercise 2. Find a representation of the complex numbers by real 2 x 2 matrices which is
compatible with addition and multiplication.

Solution. Consider the representation

. la =b
z—a—i—zb:[b a]'

Now, if z = a + ib, w = ¢ + id, we have addition defined as

_|la —b ¢ —d| _|lat+c —=b—d| _ ,
ZJHU:L) a}+{d C}_[and a+c]_(a+0)+2(b+d)7

and multiplication as

_la =b||c —d| |ac—=bd —ad—bc| _ .
zw:[b a][d c}_[ad—i—bc ac_bd]:(ac—bd)+z(ad+bc).

Finally,

12| = 22 = a® + b* = det [a _b].
b a
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Algebra Matrix Operations

Exercise 3. Find the Vandermonde determinant

1 1 e 1
aq as e an
det A,, = det a% a% - ap
_a’ffl agfl an=]
Solution. First look at the 2 x 2 case,
1
det Ay = det =ag —aj.
ay az
Now, look at the n x n case. Perform the row operations Ry — Ry — a1Rp_1 for all rows
k =2,...,n. This leaves the determinant unchanged, so
1 1 1 e 1 i
0 as — aq as — aq an — aq
det Ay = det [0 a2(a2—a1)  az(az—a1) -+ anlan —ar)
0 af *(az—a1) af *(az—a1) - ay*(an —a1)]

Using expansion by minors on the first column, we have

as — aq az — aq Ap — a1
az(az — ay) ag(az —ay) -+ ap(ay, —ay)
det Ay = det . e
ay %(az —a1) ay *(az—a1) - a¥ % (an —a1)

Factoring out a; — a1 from each 7 column gives

1 1 1
n as as “e an
det A,, = H(aj —ap) x det )
i=2 2 : 2
ay " az” a2

Continuing in this fashion, we get

n

n
det 4,, = H(aj —ap) X H(aj —ag) X -+ X (Ap—1 — ap).
j=2 j=3
This can be written down concisely as

n

det An = H (aj — ai)

1<i<j<n

Exercise 4. Consider a general system AX = B of m linear equations in n unknowns. If the
coefficient matrix A has a left inverse A’, a matrix such that A’A = I,,, then we may try to
solve the system as follows.

AX = B,
AAX = A'B
X =AB.
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Algebra Matrix Operations

But when we try to check our work by running the solution backward, we get into trouble:

X =AB
AX = AA'B
AX £ B.

We seem to want A’ to be a right inverse: AA’ = I,,, which isn’t what was given. Explain.

Solution. In the case that m > n, note that the left inverse is not necessarily unique. An
example is

irrespective of a and b. Hence, X = A’B is not unique, but rather is dependent on our choice
of A’. If we had started with

10 P

01 [ﬂ = |q

0o of Y4 |r

then we would have written

Bt R e R R

This means that the given argument is not sufficient to conclude AA’ = 1.

S QT3

1 0 10 a 1 0 a
01 {0 1 b} =10 1 b| #1;s,
0 0 00 O

Note that this system is nonsense for r # 0 with no solutions, yet the left inverses A’ do exist
nonetheless. Here, AX # B when r # 0, since

1 p+ar
o 1 [PEel g e
0 of 4 0

In the case that m < n, A has no left inverse. Label the columns of A as A;. Demanding
A’A = 1,, means that we want A’A; = e; for all i = 1,...,n. Since the m x n matrix A has
more columns than rows, its columns must be linearly dependent, so without loss of generality,
write the first column A; as a non-trivial linear combination of the rest,

A1 = a2z + azAz + - -+ a, Ay
Multiplying by A’ gives
A,Al —e1 = ages +aszesz + - -+ aney,

which is a contradiction since the basis vectors {e;} are linearly independent.

In the case m = n, it is indeed true that A’ is also a right inverse of A. Note that if A” is a
right inverse of A with AA” =1, then

A = AT, = A'(AA") = (A A)A" =T, A" = A".

6 Updated on July 10, 2021



Algebra Matrix Operations

To justify that A” exists, note that A’A = I, gives det A’det A = 1, so det A # 0. Thus,
A has full rank and its range must be the full n» dimensional vector space of column vectors.
Multiplying by A, we have AA’A = A or (AA" —1,)A = 0. Recall that the range of A is
the entire vector space, so (AA’ — I,,)@ = 0 for all possible column vectors x. This forces
AA" —1, =0, or AA =1,.

Exercise 5.

(a) Let A be areal 2 x 2 matrix, and let Ay, Ay be the rows of A. Let P be the parallelogram
whose vertices are 0, Ay, Aa, A1 + As. Prove that the area of P is the absolute value of
the determinant det A by comparing the effect of and elementary row operation on the
area and on det A.

(b) Prove an analogous result for n x n matrices.

Solution.

(a) First note that

01

which is consistent with the fact that the area of a unit square is 1. Now let a;; be
the elements of A. Perform the row operation which multiplies the top row by ai1, i.e.
Ry — a11R1. We have

det |:a11 0:| = all.

det [1 0} =1,

0 1
Now perform R; — Rj + aj2Ro. This gives

a a
det |: 61 i2:| = ail.

Next, perform R2 — (a11a22 — algagl)RQ. This giVE}S

det |01 a2 .
et 0 = (a11a22 — ai2a21)a11.
a11a22 — 12021

Next, perform Ry — R + a1 R1. This gives

d a11 a2 |
et = (a11a22 — a12a21)a11.
11021 011022

Finally, perform Ry — Ry/aj;. This gives

a a
det A =det |"1 12| = a11a92 — 1221 -
a1 a2

Note that if a;; = 0, we could have interchanged the roles of a1; and ag; at the beginning
by interchanging the rows of A. This would have given the same result, up to a sign which
we are not interested in. If both a1 and a9s are zero, note that the two rows are linearly
dependent, with one being a multiple of the other, so the parallelogram they form has
zero area. Thus, we have shown that any matrix A representing a parallelogram with
non-zero area can be obtained from the identity matrix I by performing elementary row
operations.

Now, we consider the effect of these row operations on the area of a parallelogram with
legs A1 and As. Note that the operation A; — kA; for some real scaling factor k has
the effect of scaling the area by the same factor k. The operation of interchanging the

7 Updated on July 10, 2021



Algebra Matrix Operations

legs A1 and Ay has no effect on the area. The operation A; — A; + kA also has no
effect on the area, because this has the effect of linearly shearing the parallelogram, in a
manner parallel to the other leg As which remains fixed. Thus, when we performed our
row operations in the square to reach our parallelogram, our area transformed in precisely
the same way as the unsigned determinant, which means that

areaA” = \det A‘ = |a11a22 — CL12(L21|.

(b) We use the fact that any square matrix A with non-zero determinant can be written as
the product of row operations acting on the identity matrix I,,, which represents the unit
hypercube of hypervolume 1. The Gauss-Jordan elimination algorithm can be used to
extract these operations. We see that all scaling operations will scale the hypervolume in
the same way, all transpositions have no effect on the hypervolume, and all additions of
linear combinations of other rows also have no effect, since they correspond to successive
shearing of the hyperparallelopiped along a direction parallel to another leg. Thus, the
area of the hypercube transformed in the same way as the unsigned determinant of A, so

hypervolume A|| = | det Al.

Note that we are not interested in matrices with zero determinant, because such a matrix
is not of full rank, hence its rows are linearly dependent. Thus, one of the legs of the
corresponding hyperparallelopiped can be sheared until it is parallel to another, which
immediately gives a zero hypervolume.

Exercise 6. Most invertible matrices can be written as a product A = LU of a lower triangular
matrix L and an upper triangular matrix U, where in addition all diagonal entries of U are 1.
(a) Prove uniqueness, that is, prove that there is at most one way to write A as a product.

(b) Explain how to compute L and U when the matrix A is given.
(¢) Show that every invertible matrix can be written as a product LPU, where L, U are as

above and P is a permutation matrix.

Solution. We first show that the determinant of a triangular matrix is equal to the product of
its diagonals. To see this, note that this holds for all 2 x 2 lower triangular matrices,

a O
det [c d} = ad.

Next, suppose that this holds for all n x n lower triangular matrices. Using expansion of minors
along the first row and our induction hypothesis on the minor Ay, compute

aip 0 0 - a
azr azz 0 -+ ag,
det [@31 a32 a33 - A3n| =qayydet A3 +04+0+---+0=aj1a92a33" " Gnp.
[On1l An2 Gp3 - dnn|

For upper triangular matrices, simply note that det U = det U, and U is lower triangular.
Now, we show that the inverse of a triangular matrix is also triangular of the same kind.
Note that this holds for all invertible 2 x 2 matrices, with

a 07" 1[d 0
c d ad |—c al’

8 Updated on July 10, 2021



Algebra Matrix Operations

Next, suppose that an invertible lower triangular matrix L has an inverse L~!, whose columns
are labelled ;. Since LL7' =1, we want

L:Bj = €j.
We claim that (z;); = 0 for all i < j. To see this, note that the first j — 1 rows expand to

0= Lll-%'jl

0 = Lisxj1 + Losxj2

0="Lj112j5-1+ -+ Lj1j-1255-1

All L;; with ¢ < j are zero, and L;; are non-zero since L is invertible hence det L # 0. Thus, the
first equation gives x;1 = 0, which when plugged into the second gives xj2 = 0, and so on up to
zjj—1 = 0. Hence, LZ-_j1 = 0 for all ¢ < j, making it a lower triangular matrix. In addition, the
5 row reads
1= Ljwj 4+ Ljj1mj5-1 + Ljjxj;.
All terms but the last one are 0, so the diagonal elements satisfy ijL;jl = 1. Like before, for
a lower triangular matrix U, use (U*)~1 = (U~ 1)L
Finally, the product of two triangular matrices of the same kind give another triangular
matrix of the same kind. Suppose that A and B are two lower triangular matrices. The ;™
element of their product AB is
n
Cij = Zaikbk]‘.
k=1

Now, a;; = 0 for all ¢ < k and by; = 0 for all £ < j. Thus, when ¢ < j, we have ¢;; = 0, hence
AB is also lower triangular. Furthermore, if all the diagonal entries a; = b; = 1, then the
only term in the sum is ¢; = aybi; = 1, so the diagonal entries of C are all 1. Again for upper
triangular matrices X, Y, use (XY)! = V!X

(a) Suppose that A = LU = L'U’ are two LU decompositions of A. Note that det A # 0 from
its invertibility, hence L, U, L', U’ are all invertible. This gives

L'tv=r"'rv', uv=r"'r'v, UWw)'=L7'L.

Now, the left side is upper triangular while the right side is left triangular. Also, the left
side has all 1’s along its diagonal. This forces

vuht=1,=L7'L, U=U, L=L.

(b) The elements of L and U can be obtained by brute force, solving the system A = LU with
n(n+1)/2+ (n — 1)n/2 = n? unknowns.

(c) Note that after performing Gaussian elimination on an invertible matrix A, we are left
with an upper triangular matrix U with 1’s along its diagonal. Also, each elementary
operation we performed can be represented by a lower triangular matrix. This is because
all scaling matrices are diagonal, and in all cases where we added one row to another we
always added higher row to ones lower down. Thus, the product of all these elementary
matrices is a lower triangular matrix L, which means LA = U. This gives the desired
decomposition, A = L~'U.

However, we may have to exchange rows while performing the elimination process, which
happens when one of the diagonal elements becomes zero. By performing this permutation
of rows at the very end, we have actually decomposed PLA = U. The inverse of a permu-
tation is another permutation, hence we have the desired decomposition A = L~ P~1U.

9 Updated on July 10, 2021



Algebra Matrix Operations

Exercise 7. Consider a system of n linear equations in n unknowns: AX = B, where A and
B have integer entries. Prove or disprove the following.

(a) The system has a rational solution if det A # 0.

(b) If the system has a rational solution, then it also has an integer solution.
Solution.

(a) If det A # 0, then A is invertible. Since A has integer entries, its determinant is an integer
and its adjoint has integer entries, which means that A=! = (adj A)/det A has rational
entries. Also, B has integer entries so the solution X = A~'B must also be rational.

(b) This is false. Consider the system
1 1][2] [
1 —=1{ |y| |0]"

1

This has the unique solution z =y = 3.

Exercise 8. Let A, B be m x n and n x m matrices. Prove that I,,, — AB is invertible if and
only if I, — BA is invertible.

Solution. Note that
B(L,,— AB) = B—- BAB = (I, - BA)B,

A(l, — BA)=A—- ABA = (1,, — AB)A.
Set X =1,, — AB, Y =1,, — BA, whence

BX=YB, AY =XA.

First suppose that X is invertible. If A is invertible, then AY = X A gives Y = A71X A, so we
can check that Y1 = A=1X 1A,

(ATIXTA)Y = A'X1AA7IXA =1,

If A is not invertible but B is invertible, then use BX = Y B to write Y = BXB™!, so we can
check that Y ! = BX~1B~ 1

(BX'B Y =BX'B'BXB™!' =1,.
Now suppose that neither A nor B is invertible. Consider the products
(I, + BX 'A)Y =Y +BX 'AY =Y + BX 'XA=Y 4+ BA=1,,

Y1, +BX 'A)=Y+YBX 'A=Y 4+ BXX A=Y +BA=1,.
Thus, Y ! =1, + BX 'A.

10 Updated on July 10, 2021



Chapter 2

Groups

2.1 The Definition of a Group

Exercise 1.

(a) Verify (1.17) and (1.18) by explicit computation.
(b) Make a multiplication table for Ss.

Solution.

(a) We see that

Calculate

S O =

Ty =

Ty =

) T =
0 1 0]
00 1
10 0]
0 1 0]
00 1
10 0]
00 1]
10 0
01 0

om0 orRr o —woo

10 010
0 1/, wy=1[10 0
0 0 00 1
1 0] [0 0 1]
0 1|=1{1 0 of,
00/ [0 10
1 0] [1 0 0]
0 0fl=1{00 1},
01/ [0 1 0
1 0] [0 0 1]
0 0l=10 1 0f.
01/ [1 0 0

These six matrices cover all possible permutations of the three rows.

(b)

X 1 T T Y zy a7y
1 1 T x? Y Yy ach
T T x? 1 zy 2y oy
2 2 2
T T 1 r Ty Yy Yy
Y y z’y xy 1 z? x
zy | zy oy 2y 1 z2
2?2y |22y xy oy x? x 1

11



Algebra Groups

Exercise 2.

(a)
(b)

Prove that GL,(R) is a group.
Prove that S, is a group.

Solution.

(a)

We show that GL,(R) is a group under matrix multiplication. Note that if det A # 0 and
det B # 0, then det AB = det Adet B # 0, so GL,(R) is closed under multiplication. This
composition is also associative, by virtue of the associativity of matrix multiplication. The
identity matrix I,, serves as the group identity, since I,,A = I,, = AL, for all A € GL,(R).
Finally, all non-singular matrices are invertible, with the inverse also being non-singular,
which means that every element A € GL,(R) has an inverse A~! € GL,(R). Thus,
GL,(R) forms a group.

We show that .S, is a group under function composition. Note that each element .5, is
a bijection f: {1,...,n} — {1,...,n}. Since the composition of two bijections is also a
bijection, we see that S, is closed under composition. Also note that function composition
is associative, with (f o g) oh = go (g o h). The identity map I € S,, which maps each
integer to itself serves as the identity element, since o f =1 = fol for all f € S,,. Finally,
all bijections have an inverse which is also a bijection, hence every element f € S,, has n
inverse f~! € S,. Thus, S, forms a group.

Exercise 3. Let S be a set with an associative law of composition and with an identity
element. Prove that the subset of S consisting of invertible elements is a group.

Solution. Let S’ C S be the set of all invertible elements of S. Note that by construction,
composition in S’ is associative. The identity element e € S must also belong to S’, since ee = e,

hence e is invertible with e~! = e. This serves as an identity for all elements in S as well. Also,
all elements in S’ are invertible, and their inverses must also be in ', because if a~! = b, then

ba' =e=1a"'h,s0b"! =amakingb=a"!

invertible. Finally, S’ is closed under composition,

because the product of invertible elements is invertible, with (ab)~! = b~'a~!. This means that

S’ is a group.

Exercise 4. Solve for y, given that zyz !

Solution. Write

w =1 in a group.

a:yz_lww_l w_l,
xyzfl wil,
a:yz_lz w_lz,

Ty =w lz,
T lxy::c lw_lz,
1, —1

Exercise 5. Assume that the equation zyz = 1 holds in a group G.

yzx = 17 That yrz = 17
Solution. We have xyz = 1, so

1=g""

r=xz = r (zy2)r = (27 2)yze = yea.

Does it follow that

It is not necessarily true that yrz = 1. Consider the group S3 as seen in Exercise 1. We have

(zy)(2)(y) = 1, but (z)(zy)(y) = z°y* = 2* # 1.

12
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Algebra Groups

Exercise 6. Write out all ways in which one can form a product of four elements a, b, ¢, d in
the given order.

Solution.
(ab)(cd) (a(be))d ((ab)e)d a(b(ed)) a((be)d)

Exercise 7. Let S be any set. Prove that the law of composition defined by ab = a is
associative.

Solution. Tt is sufficient to show that (ab)c = a(bc) for all a,b,c € S. We have

(ab)ec = ac = a, a(be) = a.

Exercise 8. Give an example of 2 x 2 matrices such that A='B # BA~!.

- 4 11 1o
S (R R P B S P

S, 21 4 11
ap=[ ] =]

Solution. Consider

Now,

Exercise 9. Show that if ab = a in a group, then b = 1, and if ab = 1, then b = a™'.
Solution. If ab = a, then

b=1b=(a'a)b=a"'(ab) =a ta =1.
If ab = 1, then it suffices to show that ba = 1 to conclude b = a~ 1.

ba = 1(ba) = (¢ ta)(ba) = a  (ab)a = a™ta = 1.

Exercise 10. Let a, b be elements of a group G. Show that the equation ax = b has a unique
solution in G.
Solution. The existence of a solution is guaranteed by the inverse of a, namely a~! € G such
that aa=! = 1 = a'a. Thus, (a~')axr = a~'b, hence z = a~'b.

Now suppose that ax = ay = b. Again, left multiplying by a~! gives x = y, guaranteeing
that the solution is unique.

Exercise 11. Let G be a group, with multiplicative notation. We define an opposite group
G° with law of composition a o b as follows: The underlying set is the same as G, but the law
of composition is the opposite; that is, we define a o b = ba. Prove that this defines a group.

Solution. The composition in G° is closed, since aob = ba € G and G° shares all elements with
G. Note that composition is associative in G, so for all a,b, c € G,

c(ba) = (cb)a, (aob)oc=ao(boc).

This shows that composition is associative in G°. Next, the identity in G serves as the identity
in G°, since for any a € G°,
loca=al=a=1la=aol.

Each a € G has an inverse a~! € G, and this guarantees that each a € G° has the same inverse
a~! € G°, since

Thus, G° is a group.

13 Updated on July 10, 2021



Algebra Groups

2.2 Subgroups

1 1
Exercise 1. Determine the elements of the cyclic group generated by the matrix [ ]

-1 0
explicitly.
Solution. Set
|10 111 2 10 1 3 |[—1 0
N e e B e e

. [-1 -1 s o -1 6 [1 0
x_[l o] T ot]r T Tl
2345}'

Therefore, the elements of the cyclic group generated by = are the matrices {1, z, 2%, x°, z*,
This group has order 6.

Exercise 2. Let a, b be elements of a group G. Assume that a has order 5 and that a3b = ba?.
Prove that ab = ba.

Solution. We have a® = 1, therefore
ab = lab = a®ab = b = a3(ab) = a®(ba?),
ba = bal = baa® = ba® = (ba®)a® = (ab)a’.

These are equal by associativity.

Exercise 3. Which of the following are subgroups?

(a) GLn(R) C GL,(C).

(b) {1,—-1} Cc R*.

(c) The set of positive integers in ZT.
(d) The set of positive reals in R*.

(e) The set of all matrices [g 8] , with a # 0, in GL2(R).

Solution. It can be shown that (a), (b), (d) meet the axioms required for a subgroup. In (c),
the additive identity 0 is missing. In (e), the identity matrix Iy is missing (and none of the
described matrices belong to GL2(R) in any case).

Exercise 4. Prove that a non-empty subset H of a group G is a subgroup if for all z,y € H

the element xy~! is also in H.

Solution. Since H is non-empty, we can pick € H. Then,z € Handz € H,soxzz ' =1¢€ H.
Next, for any € H, we have 1 € H and z € H, so 1x~! = 2~ ! € H. Finally, for any z,y € H,
we have x € H and y~! € H, so x(y~')~! = 2y € H. This means that H C G is a subgroup.

Exercise 5. An nth root of unity is a complex number z such that z™ = 1. Prove that the
nth roots of unity form a cyclic subgroup of C* of order n.

Solution. Let the set of all nth roots of unity be G. First we have 1" = 1 so 1 € G. Next,
if x,9 € G, then 2™ = y™ = 1, so (zy)" = 1, thus 2y € G. Finally, note that 2! = 2" 1,
because zz" ' = 2" 'z = 2" = 1. To see that this is a cyclic subgroup, set z = e!™/™_ then
G = {l,z,...,2"'}. There are no other elements of G, since the polynomial ™ — 1 has at
most n distinct complex roots.
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Exercise 6.

(a)
(b)

Find generators and relations analogous to (2.13) for the Klein four group.

Find all subgroups of the Klein four group.

Solution.

(a)

Write

1o 1o
““lo 1l T |o -1’

2

o CE R

It can be verified that 22 = y? = 22 =e. Also, oy = 2 =y, 22 = y = 22, Y2 = T = 2.
Thus, this group is abelian. Also, any two of x, y, z suffice to generate the third, and hence
the entire Klein four group. Any one is not sufficient, since every element has order 2.

The Klein four group has two trivial subgroups, namely {e} and the whole group. Also,
each of {e,xz}, {e,y}, {e,z} form a subgroup, since all of them contain the identity e,
each element is their own inverse, and multiplication is closed. This gives a total of 5
subgroups.

Exercise 7. Let a and b be integers.

(a)
(b)

Prove that the subset aZ + bZ is a subgroup of Z*.
Prove that a and b + 7a generate the subgroup aZ + bZ.

Solution.

(a)

We have
G=aZ+bZ={ar+bs:r secl}.

First note that 0 = a0 + b0 € G. Next, for any two elements z,y € G, we can write
x = ary + bs; and y = arg + bsg for integers 1,72, 1, S2, so the sum = +y = a(r; +12) +
b(s1 + s2) € G. Finally, for x = ar 4+ bs € G, we have —x = a(—r) + b(—s) € G, with
z + (—x) = 0. This proves that G is a subgroup of Z™.

Let H be the group generated by a and b+ 7a. Note that a, a +a = 2a, 2a +a = 3a, ...,
6a+a="Ta,...,(n—1)a+ a=naare all in H. Similarly, if na € H, then —na € H for
all positive integers n. Thus, 0 = a4+ (—a) € H, and b = (b+7a) + (—7a) € H. We repeat
this process with b to see that nb € H for all integers n. Thus, ar +bs € H for all integers
r and s, which means that H C aZ + bZ. On the other hand, for all ar + bs € aZ + bZ,
we have ar + bs = a(l — 7s) + (b+ Ta)s € H, so aZ + bZ C H. This establishes that
H = aZ + bZ.

Exercise 8. Make a multiplication table for the quaternion group H.

Solution. Use i® = j2 = k? =ijk = —1,ij =k, ji =i3j = —k.

ik -1 —i —j —k
1 i j k -1 —i —j —k
i ko —j —i 1 —k j
i -k -1 i —j k 1 —i
koj —i -1 —k —j i 1
1 —i —j -k 1 i § k
j i -1k —j
—j k1 —i j —k -1 i

’ kooj —i -1

TN R = N o R X
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Exercise 9. Let H be the subgroup generated by two elements a, b of a group G. Prove that
if ab = ba, then H is an abelian group.

Solution. Since H is generated by a and b, every element in H can be written in the form

a™ b a2 L aR

where k € N and m;,n; € Z. First, we claim that every such element can be simplified to
the form a™b™. To see this, note that since a and b commute, we have ab(b"'a™') = 1 =
ba(a=1b71) = ab(a'b71), so cancelling ab gives b~la=! = a~'b"!. Now, ab = ba means
a = bab~'. Thus, for any positive power a™ = ba™b~!, and ™™ = ba~"b"'. Thus, a™b" =
ba™b~ 1" = ba™b"!. Repeating this another n — 1 times gives a™b™ = b"™a™ for positive n. For
negative n, simply note that a™ = b"(b~"a"™) = b™(a™b™ "), hence a™b"™ = b"a™. This means
that the powers a™ and b" commute. Thus, we can commute all powers b™ in our general
expression to the right, yielding

am1+---+mk bn1+»~~”k — ambn.

Now pick arbitrary z,y € H, and write z = a™b", y = a"b°. Then,
Ty = ambabs = am(bnar)bs = a™a b = am+rbn+s’
yr = a"b*a™b" = a’ (b°a™)b" = a"a"b " = a" TS,

This gives xy = yx for all z,y € H, which means that H is abelian.

Exercise 10.

(a) Assume that an element x of a group has order rs. Find the order of z".

(b) Assuming that = has arbitrary order n, what is the order of 2”7

Solution. We first show that if  has order n and 2™ = 1, then n divides m. Note that
n < m, since n is chosen to be the least natural number satisfying ™ = 1. Thus, use
Euclid’s Division Lemma to write m = ng + r for integers ¢ > 0, 0 < r < n. We now have

1 =™ =" = (2™)92" = 2.
Since r < n, the only possibility is » = 0, hence m = nq, proving that n divides m.

(a) Note that (z")® = 2™ = 1, so the order of " divides s. Also, if the order of 2" were less
then s, say t < s, then we would have (z")! = 1, so 2" = 1, with 7t < rs. This would
contradict the fact that rs is the order of x. Thus, the order of " must be s.

(b) We claim that the order of 2" is m = n/ ged(n,r). Write ged(n,r) = d, so rm = nr/d = nk
for some integer k since d divides r. Thus,

Suppose instead that the order of z" is some m’ < m. Then m/ divides m, so m = m/q
for some integer ¢ > 1. We have 1 = (:L"”)m/ = 2™ therefore n must divide rm/, say
rm’ = nk’ for some integer k’. Now, nk = rm = rm/q = nk'q, so k = k’q. Recall that
n = md, r = kd. Now we have found n = m/(¢qd), r = k'(¢d), thus ¢d divides both n and
r. However, qd > d, which contradicts the fact that any common factor of n and r must
divide d. Hence, the order of " must be m = n/d.
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Exercise 11. Prove that in any group the orders of ab and ba are equal.

Solution. Note that ab = (b~'b)ab = b~'(ba)b. It is easily seen by induction that (ab)" =
b=1(ba)"b for all positive integers n. Therefore, if the order of ab is some integer n, 1 = (ab)" =
b=1(ba)"b, hence (ba)" = bb~! = 1. Thus, the order of ba divides n. A similar argument using
(ba)™ = a~'(ab)"a shows that if the order of ba is n’, then the order of ab divides n’. This forces
n = n' when either ab or ba has finite order.

Note that we shown that if the order of ab is finite, then the order of ba must be finite, and
vice versa. This immediately implies that if the order of any one of ab or ba is infinite, then the
order of the other must also be infinite. Hence, the order of ab and ba are always the same in
any group.

Exercise 12. Describe all groups G which contain no proper subgroup.

Solution. Suppose that G has no proper subgroups, i.e. the only subgroups of G are {1} and
G. The trivial group of one element {1} satisfies this. Otherwise, let G be a non-trivial group,
with x € G such that * # 1. Then, the group generated by =z, i.e. the group of elements
{...x72, 271 1,2,22, ...} is a subgroup of G. Since G has no proper subgroups, this forces this
to be equal to G itself. Thus, G is a cyclic group.

Suppose that G has finite order, and furthermore suppose that this order is a composite
number ab, where a > b > 1. Then, it can be shown that the group generated by z® is a proper
subgroup of GG, with  not in this subgroup. Therefore, the order of G must be prime.

Suppose that G has infinite order. Now note that the group generated by z? is a proper
subgroup of G, with x not in this subgroup. This is a contradiction, thus the order of G cannot
be infinite.

Exercise 13. Prove that every subgroup of a cyclic group is cyclic.

Solution. Let G be a cyclic group generated by the single element z. If x = 1, then G = {1},
which has no proper subgroups. Otherwise, note that we can enumerate

G={.z2 2z 1,z .}

Let H be a proper subgroup of G, and let y € H be a non-trivial element. This means that
y € G, so we can write y = z¥ for some positive integer k (note that if & were negative, then
y~! = 27% € H too, so use —k instead). Suppose that we have chosen w = 2™ € H such that
m is the smallest possible, positive choice. This means that m < k, so using Euclid’s Division
Lemma, write k = mq 4+ r for 0 < r < m. Thus, ¥ = (2™)%" = wiz", or 2" = w™9zF,
Now, w € H means that all powers of w are also in H, hence w™? € H. This means that
w™92* = 2" € H. However, recall that m was the smallest positive integer such that 2™ € H,
which forces r = 0. Thus, for any y € H, we see that y = w?. This means that H is generated

by the element w = ™, which makes it a cyclic subgroup.

Exercise 14. Let G be a cyclic group of order n, and let r be an integer dividing n. Prove
that G contains exactly one subgroup of order 7.

Solution. Let G be generated by the element z, so G = {1, z,...,2" 1}, and let H be a subgroup
of order r, where n = mr for some positive integer m. We claim that the subgroup generated
by ™ is the only subgroup of order . Note from the previous exercise that H must be cyclic,
and thus is generated by some element z* € G. Thus, if we pick y € H, we must have y = 2*¢
for some non-negative integer ¢. Since H has order r, we require y" = 1, i.e. ¥ = 1. Now,
x has order n, hence n must divide kqr, say np = kqr for some positive integer p. Substitute
n = mr, so mp = kq. Thus, y = 27 = 2P, so every element of H is a power of ™. In other
words, H C {1,z™,... ,:L'm(r_l)}. Also note that H contains exactly r elements, and the right
hand side also contains r elements since all " are distinct. Thus, we must have an equality,
which means that the only subgroup of G with order r is the one generated by ™.
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Exercise 15.

(a) In the definition of subgroup, the identity element in H is required to be the identity of
G. One might require only that H have an identity element, not that it is the same as
the identity in G. Show that if H has an identity at all, then it is the identity in G, so
this definition would be equivalent to the one given.

(b) Show the analogous thing for inverses.
Solution.

(a) Let 1 be the identity element in G, and suppose that 1’ is the identity element in H. Now,
both 1’ € G and 1 € G, and we demand

lx =z for all x € G, 'z =2 for all z € H.

Combining these, we want
1=11=1,

so the identity in H must be the same as the identity in G.

(b) Let = € H, let y be its inverse in G, and let w be its inverse in H. We want
zy =1 =yx, zw=1=wx.

Thus,
y =yl =y(zw) = (yz)w = lw = w,

so the inverse of  in G must be the same in H.

Exercise 16.

(a) Let G be a cyclic group of order 6. How many of its elements generate G?
(b) Answer the same question for cyclic groups of order 5, 8, and 10.

(c) How many elements of a cyclic group of order n are generators for that group?
Solution.

(a) Let G = {1,z,...,2°}. Then, the elements z and x° (2 elements) generate G. Note that
22 and 2 only generate {1, 22, 2%}, and 2> only generates {1,23}.

sing the same notation as before, a cyclic group of order 5 is generate x, x4, 10, T
(b) Using th tati before, a cyclic group of order 5 is g ted by z, 22, 23, x*

(4 elements). A cyclic group of order 8 is generated by x, 3, 2%, 27 (4 elements). A cyclic

group of order 10 is generated by z, 3, 27, 2° (4 elements).

(¢) A cyclic group of order n is generated by ¢(n) elements, where the Euler totient function
¢ counts the number of positive integers less than n which are co-prime with n. This is
because a cyclic group G' = {1,...,2" "'} of order n is generated by " precisely when
ged(n,r) = 1. Recall from Exercise 14 that if the order of a cyclic group G is n = ab,
then z generates a subgroup of order . Thus, when b > 1, the generated subgroup is a
proper subgroup. This means that whenever r divides n, " cannot generate the entire
group G. Similarly, if 7 and n share a common factor m > 1, then m divides n so =™
cannot generate G, and neither can 2" = 2™ for some integer k. This only leaves those
2" such that r and n have no common factors. If so, then we can choose integers p and
q such that gcd(n,r) = 1 = np + rq, so ' = 2™+74 = (2")4. Thus, any element 2™ € G
can be expressed as (7)™, so 2" does indeed generate G.
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Exercise 17. Prove that a group in which every element except the identity has order 2 is
abelian.

Solution. Let G be such a group, and let x,y € G. Note that since every element has order 2,
we have 2% = 32 = (zy)? = (yx)? = 1. Also,

(zy)(yz) =axy’z =2> =1,  (ay)(zy) = (zy)* =L

Equating and cancelling xy from the left gives yr = zy, showing that G is abelian.

Exercise 18.

(a) Prove that the elementary matrices of the first and third types suffice to generate GL,(R).

(b) The special linear group SL,(R) is the set of n x n matrices whose determinant is 1. Show
that SL,(R) is a subgroup of GL,(R).

(c) Use row reduction to prove that the elementary matrices of the first type generate SL, (R).
Do the 2 x 2 case first.

Solution.

(a) First, we show that elementary matrices of the second type, i.e. permutation matrices, can
be generated by elementary matrices of the other two types, i.e. row adding and scaling.
In order to transpose rows ¢ and j, consider the following row operations: R; — R; + R;,
R; — R; — Rj, R; — R; — R;. This can be achieved using only row addition and scaling,
hence any transposition matrix can be obtained by applying this to the identity matrix.
Furthermore, any permutation matrix can be expressed as the product of transposition
matrices. This proves that elementary matrices of the first and third types generate those
of the second type. Now, if A is invertible, then the process of Gauss-Jordan elimination
can be applied to reduce it to an identity matrix, hence F;--- ExA = 1. This means
that A = E;- L. E; !, hence any matrix in GL,(R) can be expressed as a product of
elementary matrices. In addition, any product of elementary matrices is invertible, which
means that the elementary matrices generate GLy,(R).

(b) First note that the identity matrix I, € SL,(R), since it has determinant 1. Using
det AB = det Adet B, conclude that if A, B € SL,(R), then AB € SL,(R). Finally, use
det A71 = 1/det A to conclude that if A € SL,(R), then A=t € SL,(R). This proves
that SL,(R) is a subgroup of GL,(R).

(c) Consider an arbitrary matrix

oo e s

where ad — be = 1. Perform Ry — Ry — (b/d)Rs to get

[a —fc/d 2] _

Note that a — be/d = 1/d. Next, perform Ry — Ry — cdR;.
1/d 0
0 d|’

Note that if d = 0, we could have performed analogous operations using b instead (both
b= d = 0 is not possible, since we require ad — bc = 1). Now, perform Ry — Ry + dR;.

1]
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Next, perform R; — Ry — Ry/d.
Next, perform Ry — R + dRy.

Finally, perform R; — Ry + Ro, Ro — Ry — R1, R1 — R1 + Ro.

bl

Thus, we have shown that any matrix in SLy(R) can be generated using only elementary
matrices of the first type.

Analogously, consider some A = [a;;] € SL,(R). We have already seen that R; — R; + Rj,
R; — R; — R;, R; — R; + R; transposes rows with a change of sign. Thus, transpose rows
such that let ajq # 0 (if all a1; = 0, then det A = 0). Performing R; — R; — (ai1/a11) Ry

for all i = 2,...,n makes sure that all elements except the first one are zero.
ai ai12 e a1n
0 a2 —aipasi/an -+ azn — G1pa21/ann
0 an2 — CLlQCLnl/all o App — alnanl/all

Now, note that the determinant of A is a1 det M1 # 0, which means that the first column
of Mj1 contains a non-zero element. We thus repeat the above process, transposing rows
if necessary n times, finally giving us an upper triangular matrix. Relabel the entries as

bis.
bir bz -+ bin

0 by -+ boy

0 0 - by,

Note that bii1boo...bn, = 1. Thus, for each j = n,n — 1,...,2, perform R; — R; —
(bij/bjj)R; for all i =1,...,5 — 1. This yields a diagonal matrix,

by 0 -+ 0
0 byy - O
0 0 - by,

Now, look at the upper left 2 x 2 block. Performing Ry — Ro+ R1/b11, R1 — R1 —b11Ro,
Ry — Ry + Rl/bn yields

0 —biibe --- 0
1 0 .0
0 0 I .

Performing our transposition with sign change yields

1 0 .0
0 biibe -+ 0
0 0 o by
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Repeating this down the line, we see that b11bos . . . by, bunches up at the lower right, but
this is just 1, so we get the identity matrix. Thus, SL,(R) is generated by elementary
matrices of the first type.

Exercise 19. Determine the number of elements of order 2 in the symmetric group Sjy.

Solution. Use the notation (a b ¢ d) to denote a cycle a ~» b, b ~ ¢, ¢ ~ d, d ~ a. Note that
any transposition of two elements has order 2, hence all two-cycles

(12) (13) (14) (23) (24) (34

have order 2. If any two of them commute, then their product will also be of order 2 (Exer-
cise 11), therefore the products of disjoint two-cycles

(12)(34) (13)(24) (14)(23)

also have order 2. This gives a total of 9 elements.

Exercise 20.
(a) Let a, b be elements of an abelian group of orders m, n respectively. What can you say
about the order of their product ab?
(b) Show by example that the product of elements of finite order in a non-abelian group need
not have finite order.

Solution.

(a) Set d = ged(m,n). The order of ab will always divide k = mn/d. Note that in an abelian

group,
(ab)k _ akbk _ amn/dbmn/d — (am)n/d(bn)m/d - 1.

Note that the order of ab is not always k. Consider a = b = i € C*, and note that the
orders of a and b are 4. However, the order of their product i2 = —1 is 2.

(b) Select the following elements from G L2 (R).
-1 1 -1 -1
S CR R
Note that A2 = B? = I,. However,

T R B T

In general for n > 0, we have

(AB)" = [(1) 21”] |

Thus, AB has infinite order.

Exercise 21. Prove that the set of elements of finite order in an abelian group is a subgroup.

Solution. Let G be abelian, and let H be the set of all elements with finite order. Note that
1 € H. Also, if a and b have finite order, so does ab by the previous exercise. Finally, if a has
finite order n, then a™ = 1 forces 1 = a~" = (a~!)", hence a~! has finite order n. Thus, H is a
subgroup of G.
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Exercise 22. Prove that the greatest common divisor of a and b, as defined in the text, can
be obtained by factoring a and b into primes and collecting the common factors.

Solution. Suppose that

a:p?1p§2"'p%""'a b:pflpgb-npg"-u,

where p; are the prime numbers, and «;, 8; are non-negative integers. We have o>y = Si>y =0
eventually, for a and b to be finite. Setting v; = min{«; 5;}, we claim that the greatest common

factor of a and b is

First note that d divides both a and b, therefore d must divide d’ = ged(a,b). Write

d,/d:p’l}/lpg2 T

n

Suppose that 7}, > 0 for some k. This means that the power of py in d’ is v, +;, > min{oy, B}
This means that d’ cannot divide one or more of a and b, so v/ = 0 for all i. Thus, d =d'.

2.3 Isomorphisms

Exercise 1. Prove that the additive group R™ of real numbers is isomorphic to the multi-
plicative group P of positive reals.

Solution. We construct the isomorphism ¢: RT™ — P, z + e This is a homomorphism,
because ¢(0) = e = 1, and

oz +y) =" =¥ = p(x) o(y).

This map is injective because for any ¢(x) = ¢(y), we have e* = e¥ or e*~¥ = 0, hence x —y = 0
or x = y. This map is also surjective because ¢~!(z) = log(z) is well defined for all positive
reals. Hence, ¢ is a bijection between R and P respecting their laws of composition, which
proves that they are isomorphic.

Exercise 2. Prove that the elements ab and ba are conjugate elements in a group.

Solution. Note that

ab = (ab)aa™! = a(ba)a™!, ba = (ba)bb~! = b(ab)b .

Exercise 3. Let a, b be elements of a group G, and let a’ = bab~!. Prove that a = o’ is and
only if @ and b commute.

Solution. First, suppose that a = a/. This means that a = baab™!, or ab = ba, hence a and b
commute.
Next, suppose that a and b commute. Then, a’ = baab™" = abb™! = a.

Exercise 4.

(a) Let b’ = aba~!. Prove that '™ = ab"a!.
(b) Prove that if aba~! = b?, then a®ba=3 = b5.

Solution.
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(a) The claim for n > 1 follows from induction. Note that the case n = 1 is true, and if it
holds for some k with ¥* = ab¥a™!, then

VEFL = % = (ab¥a 1) (aba™t) = ab*(a"ta)ba ! = ab* Tl

thus proving the claim for all n > 1. Now, for any n < —1, note that b=" = ab~"a~! by
the first part, hence taking inverses gives b” = ab™a~!. This establishes the formula for
alln € Z.

(b) We have been given the rule ab = b%a. Thus,
a3ba=3 = a*(ab)a™3 = d*(b%a)a™3 = a®b?a 2.
Proceeding in this fashion, this is the same as
a(ab)ba™? = a(b?a)ba™? = ab?(ab)a™2 = ab?(b?a)a? = ab'a™?.

Finally, this is the same as

(ab)bPa™t = (PPa)bPa™t = b2 (ab)b?at = b2 (b*a)b?a ! =

b (ab)ba! = b (b2a)bat = b (ab)a™! = b (b?a)a™t = b5.
Alternatively, note that b = aba™!, so

¥ =)t =abtat, b= (0?2 =ab’al, V= () =abal.

Substituting each of these into the equation above gives

b =ab'a™t = a(ab’a)a™t = ala(aba™Ha " )a "t = a®ba 3.

Exercise 5. Let ¢: G — G’ be an isomorphism of groups. Prove that the inverse function

1 is also an isomorphism.

1

Solution. First note that ¢ is a bijection, which means that ¢~ is also a bijection. Let a’, b € G’

be arbitrary. We set a = ¢~ !(a’), b= ¢~ (V'). Since

p(ab) = p(a)p(b),

we have
plab) =at, o N (a)e M Y) = ab= o~ (@V).

This proves that ¢~!: G’ — G is an isomorphism.

Exercise 6. Let ¢: G — G’ be an isomorphism of groups, let 2,y € G and let 2/ = p(z) and
¥ =)

(a) Prove that the orders of x and z’ are equal.

(b) Prove that if zyz = yxy, then 2'y/2’ = y'2'y/ .

(c) Prove that p(x~1) =2/~

Solution. Recall that if e and €’ are the identity elements in G and G’ respectively, then ¢(e) = €.
This is because ee = e, so ¢(e)p(e) = ¢(e), hence cancellation gives p(e) = €.
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(a) Suppose that the orders of x and 2’ are m and n respectively, hence 2™ = e and 2™ = ¢'.
Note that ¢(z?) = ¢(z)p(x) = 2’2, and by repeating this process, it can be shown that
@(2*) = 2'* for any k > 1. This means that if 2 = e, we have /™ = p(z™) = ¢(e) = ¢/,
hence m > n. Also, ™! is also an isomorphism, so 2" = ¢~ !}(2™) = ¢~ !(¢/) = e, hence
n > m. Together, this implies that m = n.

Note that if m were infinite, this would force n to be infinite as well, and vice versa.

(b) Write

payz) = p(ry)e(x) = p(@)e(y)e(r) = 2'y'a’.
Similarly, ¢(yzy) = y'2’y’. Equating the two gives the desired result.

(c) Use the fact that xz~! = e, so ¢(z)p(z™!) = p(za™!) = p(e) = €. This means

2'o(z7!) = €, which forces p(z~!) = 2'~L.

Exercise 9. Find an isomorphism from a group G to its opposite group G°.

Solution. Define ¢: G — G°, x +— x~!. This is clearly a bijection because every element x has
exactly one inverse. Observe that for any x,y € G,

o(zy) = (zy) " =y a7 = p(y)e(z) = o(x) 0 (y),

as desired. Recall the nature of composition o in G°.

Exercise 10. Prove that the map A ~ (A?)~! is an automorphism of G L, (R).

Solution. First note that this map is a bijection, because every matrix in GL,(R) has exactly
one inverse, and every matrix in GL,(R) has exactly one transpose in GL,(R). Also observe
that for A, B € GL,(R),

(AB)) ™t = (B'A") ™ = (A)"H(B) T,
which proves that the given map is an automorphism.

Exercise 11. Prove that the set Aut(G) of automorphisms of a group G forms a group, the
law of composition being the composition of functions.

Solution. Note that the identity map is trivially an automorphism. The composition of functions
is inherently associative, and the composition of two automorphisms is another automorphism
- suppose that ¢ and i are automorphisms. Then, 1 o ¢ is a bijection, with

(Y op)(xy) = P(p(zy)) = Y(p(z) p(y) = Y(p(x)) V(p(y)) = (Yo p)(z) (Yo p)(y).

Finally, the inverse of an automorphism is also an automorphism. This shows that Aut(G)
forms a group.
Exercise 12. Let G be a group and let ¢: G — G be the map (z) = 2z~ 1.

(a) Prove that ¢ is bijective.

(b) Prove that ¢ is an automorphism if and only if G is abelian.

Solution. (a) The map ¢ is a bijection because every element z in G has a unique inverse.
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(b)

If G is abelian, note that
plry) = (zy) =y a7 =27y = p(2)p(y).
If is to be an automorphism, we have
oy ™) = (1Y~
for all x,y € G. We also demand
pla™ly™) = pa ey = ay,

hence equating the two gives xy = yx, proving that G is abelian.

Exercise 13.

(a)
(b)

Let G be a group of order 4. Prove that every element has order 1, 2, or 4.

Classify groups of order 4 by considering the following cases.

(i) G contains an element of order 4.
(ii) Every element of G has order < 4.

Solution.

(a)

Note that every x € G obeys z* = 1, so the order of every element of G must be either
1,2,3 or 4. Suppose that 2% = 1. Writing 23 = 1 = 2* gives 2 = 1. Thus, no element of
G can have order 3.

In any group of n elements, observe that every element obeys ™ = 1. To see this, consider
the set {1,z,...,2"}. All of these elements cannot be distinct since that would yield n+1
elements in a group of n elements. Thus, we have 2P = 27 for some 0 < p < ¢ < n, giving
297P =1, so the order of z is less than or equal to n. Suppose that « has order m < g — p;
write n = am + b for 0 < b < m. Now, 2" = (2™)%?® = 2%, so the minimality of m forces

b = 0. This yields 2™ = 1.

Let the elements of G be {1,a,b,c}, where a,b, c are distinct. Suppose that a has order
4. Now, b and ¢ must have order 2 or 4. Now, a® # 1 and a® # a, so without loss of
generality set a® = b. Thus, b?> = a* = 1, so b has order 2. We now have a~! # a since
that would imply a? = 1, and also a=' # b because that would also give a=2 = b* = 1
hence a? = 1. Thus, a~! = ¢ = a3, so c also has order 4. This means that G is the cyclic

group {1,a,a?, a}.

Now, suppose that no element has order 4. None of a, b, ¢ can have order 1, hence each
of them has order 2, with a? = b?> = ¢> = 1. Examine ab, and note that ab = b would
imply a = 1, ab = a would imply b = 1. This forces ab = c¢. The same argument also
forces ba = ¢, and similarly ac = ca = b, bc = ¢b = a. Thus, G is the Klein four group
{1,a,b,ab}.

Exercise 14. Determine the group of automorphisms of the following groups.

(a)
(b)
()

7.
A cyclic group of order 10.
Ss.
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Exercise 15. Show that the functions f = 1/x, g = (x — 1)/x generate a group of functions,
the law of composition being composition of functions, which is isomorphic to the symmetric
group Ss.

Solution. Observe that f2(z) =z, ¢*(z) = (z — 1)/x = 1)/((x — 1)/z) = —1/(x — 1), ¢*(x) =
~1/((z =1)/x —1) = 2. This gives fg(z) = (fog)(z) = z/(z — 1), and fg*(z) = (fog°)(z) =
1—uz.

Next, gf(x) = (1/z — 1)/(1/2) = 1 — = = f¢%(), and ¢ (z) = (1 — 2) — 1)/(1 — x) =
z/(1 —x) = fg(z). This means that compositions like fgfg = f(g9f)g = f(fg*)g = f?9> = 1.
Thus, the elements f and ¢ generate the elements 1,g, 4%, f, fg, f¢° which is closed under
composition.

Our group consists of the functions {1,g,4?%, f, fg, f¢g°}. The map from this set to S,
defined as f ~» (12) and g ~» (123) is thus an isomorphism, because it is bijective, and the
multiplication table of our given elements is identical to that of Ss.

Exercise 16. Give an example of two isomorphic groups such that there is more than one
isomorphism between them.

Solution. Recall that we constructed an isomorphism between the additive group RT of real
numbers and the multiplicative group P of positive reals, by considering the map x + e*.
Another isomorphism is defined by the map z +— e™%.

Note that this map is motivated by the fact that the reflection ¢: Z* — ZT, x + —z is an

automorphism.

2.4 Homomorphisms

Exercise 1. Let G be a group, with law of composition written x # y. Let H be a group with
law of composition u o v. What is the condition for a map ¢: G — H to be a homomorphism?

Solution. We demand that for all z,y € G,
ez #y) =)o py).

Exercise 2. Let ¢: G — G’ be a group homomorphism. Prove that for any elements a1, ..., aj
of G,

plar---ar) = p(ar) - p(ak).

Solution. This follows from induction, the base case k& = 2 following from the definition of a
homomorphism. If this formula holds for some n > 2, then

p(a1- - anany1) = plar---an) plan) = @(a1) - - p(an) P(ani1).

Exercise 3. Prove that the kernel and image of a homomorphism are subgroups.

Solution. Let ¢: G — H be a homomorphism. The kernel of ¢ is the set of all elements x € G
such that p(x) = 1. The image of ¢ is the set of all elements u € H such that u = p(x) for
some x € G. Denote the kernel as K C (G, and the image as I C H. It suffices to show that
K < G and I < H are subgroups.

Note that 1g € K because a homomorphism must send the identity of G to the identity
of H. Note that ¢(1g) = ¢(lglg) = ¢(1lg)e(la), and cancellation gives ¢(1g) = 1g. Next,
if z,y € K, then ¢(xy) = ¢(z)p(y) = 1gly = 1y, hence zy € K. Finally, if x € K, then
1y = o(lg) = e(zx™) = p(@)p(z™!) = p(z 1), so 271 in K. Thus, the kernel of ¢ is a
subgroup of G.

Note that 1y € I, because p(1g) = 1g. If u,v € I, then u = ¢(x) and v = p(y) for some
z,y € G, so uv = p(x)p(y) = p(xy). This means that uv € I. Finally, if u € I with u = ¢(x),
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then 1y = ¢(1g) = p(zz™!) = p(z)p(z™!) = up(x™!), so u™! = p(z~!) which means u=! € I.

Thus the image of ¢ is a subgroup of H.

Exercise 4. Describe all homomorphisms ¢: ZT — Z™', and determine which are injective,
which are surjective, and which are isomorphisms.

Solution. Note that for any such homomorphism, ©(0) = 0. Since Z" is generated by 1,
the homomorphism ¢ is fully determined by ¢(1). For any n > 0, write n = 1 + --- + 1,
hence p(n) = (1) + -+ + (1) = np(1). Thus, ¢(0) = ¢(n + (-n)) = ¢(n) + ¢(—n), so
p(—n) = —p(n) = —np(1).

If ¢(1) = 0, then ¢(n = 0) for all n; this homomorphism is not injective, nor surjective. If
©(1) =1 or p(1) = —1, then ¢(n) = n or p(n) = —n respectively; these homomorphisms are
isomorphisms, since they are both injective and surjective.

If ¢(1) > 1, this homomorphism is injective, because if ¢(m) = p(n), then ¢(m —n) =0
or (m —n)p(l) = 0, which is possible only if m —n = 0. This is not surjective however, since
there is no n such that ¢(n) = 1. If ¢(n) = 1, then note that ny(1) = 1, which would require
©(1) =1/n ¢ Z. The same applies whenever (1) < —1.

Exercise 5. Let G be an abelian group. Prove that the nth power map ¢: G — G defined
by ¢(z) = 2™ is a homomorphism from G to itself.

Solution. Note that for any z,y € G, we have

p(ry) = (zy)" = 2"y" = p(z) ¢(y),

which shows that ¢ preserves the group structure, and is hence a homomorphism. Note that
we have used the commutativity of elements in G to conclude that (zy)™ = x"y".

Exercise 6. Let f: RT — C* be the map ™. Prove that f is a homomorphism, and determine
its kernel and image.

Solution. For any x,y € R, note that

fla+y) =) = e = f(x) f(y),

which establishes f as a homomorphism.

Note that the identity in C* is 1; the solutions of e’* for real = are precisely 27k, for k € Z.
This set forms the kernel of f. Also, f maps the interval [0,27) precisely to the unit circle
in C, which thus forms the image of f. There are no other points in the image of f, since
|f(z)] = €| =1 for all real z.

Exercise 7. Prove that the absolute value map | |: C* — R* sending a ~~ || is a homo-
morphism, and determine its kernel and image.

Solution. For any «, § € C, note that

|| = lallf],

which establishes the absolute value map as a homomorphism.

The pre-image of 1, the identity in R*, is the unit circle in C described by {e**: z € R}.
This is the kernel of the absolute value map. The image of this map is the entirety of R, since
x = |z| for all z € R.
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Exercise 8.

(a) Find all subgroups of S3, and determine which are normal.

(b) Find all subgroups of the quaternion group, and determine which are normal.
Solution.

(a) Let x denote the transposition (12) and y denote the cycle (123). The elements of S5 are

1,2y, vy, y?, vy?, with 22 = 1 and 3® = 1. Now, x generates the subgroup {1,2} and y or
y? generate the subgroup {1,y,3?}. Note that = and y together generate the whole of S3.
If a subgroup contains any of 2y, xy? along with x, then z(zy) = y and x(xy?) = y? mean
that y is also in the subgroup, hence the subgroup is S5 itself. Similarly, if a subgroup
contains any of zy, ry? along with y, then (zy)yy = x and (ry?)y = = mean that y is also
in the subgroup, again forcing the subgroup to be S3. Also note that xy generates the
subgroup {1,zy} and xy? generates the subgroup {1,zy?}. If a subgroup contains both
ry and xy?, then it also contains (zy)~! = y?z hence (y%z)(zy?) = y and (zy?)y = z,
which forces it to be equal to S3. Thus, we have found all subgroups of S3, namely {1},
{1,2}, {1, 2y}, {1,29%}, {1,y,%°}, and Ss.
Consider the subgroup {1,z}. Note that yzy™' = yzy? = (2y?)y? = zy ¢ {1,z}.
Similarly for the other subgroups of order 2, y(zy)y™' = yryy? = yr = zy?, and
y(zy?)y~' = yxy = xy’y = x. Thus, none of these are normal subgroups. Looking
at {1,y,y%}, consider the homomorphism ¢: S3 — S3 defined by p(x) = z, ¢(y) = 1.
This gives o(y?) = 1, p(xy) = z, ¢(zy?) = =, hence {1,y,y?} is the kernel of the homo-
morphism ¢, making it a normal subgroup. This is the only normal subgroup besides {1}
and Ss.

1

(b) The quaternion group contains the elements 1,1, j, k, —1, —i, —j, —k. The only non-trivial
subgroups are {1,—1}, {1,7,—1,—i}, {1,7,—1,—j} and {1,k,—1,—k}. This is because
any two other elements like 7 and j can generate the third, ij = k. The subgroup {1, -1}
is normal since #(—1)x~! = —zz~! = —1 for all other choices of x. It suffices to show
that {1,7,—1, —i} is normal to prove that all the subgroups are normal. We can check
that jij ! = ji(—j) = —jij = —jk = —i, kik™! = ki(—k) = —kik = —k(—j) = —i, which
is sufficient to show that {1,4,—1, —i} is normal.

Exercise 9.

(a) Prove that the composition ¢ o % of two homomorphisms ¢, is a homomorphism.
(b) Describe the kernel of ¢ o .

Solution.

(a) Note that for all elements z,y, we have

(p o) (zy) = p(Y(2)Y(y) = p(b(2))p((y)) = (po)(x) (o) (y).

(b) The kernel of ¢ o1 is by definition 1»~!(p~1(1)), where 1 is the identity in the image of
@ o1p. This contains the kernel of ¢, since ¢(z) =1 = ¢(¢(z)) = 1.

Exercise 10. Let ¢: G — G’ be a group homomorphism. Prove that p(z) = ¢(y) if and only
if 2y~ € ker .
Solution. Recall that ¢(y~!) = ¢(y)~!. Suppose that p(z) = ¢(y). Then, p(zy~!) =
p(@)ey™) = e)ely) ' =1,s0 2y~ € kerg.

Next, suppose that xy~! € kery, i.e. p(xy~!) = 1. This gives o(x)p(y)
p(x) = @(y)-

~1 = 1, hence
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Exercise 11. Let G, H be cyclic groups, generated by the elements z, y. Determine the con-
dition on the orders m, n of x and y so that the map sending 2* ~~ y* is a group homomorphism.

Solution. Note that ™ = 1, hence 2’ = x™*™ for all integers k. We want y’ = ¢(z') =
(z™) = "™ hence 1 = y™. This means that the order of y must divide m, hence n|m is
a necessary condition for our map to be well-defined.

We claim that ¢ is now a homomorphism. Given any 2P, z% € G, we see that p(zPx?) =
p(aPt) = yPT1 = yPyd = @(2P)p(2?). These operations are well-defined since there is a unique
element 4/ € H such that ¢/ = y?T9, namely when j = p + ¢ (mod n).

Exercise 12. Prove that the n x n block matrices M which have the block form
A B
0 D
with A € GL,(R) and D € GL,,—.(R) form a subgroup P of GL,(R), and the map P — GL,(R)
sending M ~-» A is a homomorphism. What is it’s kernel?
Solution. Note that multiplication of such block matrices is closed, with

Ay Bi| A2 Bo|  |[A1Ay Ai1By+ B1Dy
0 Di||0 Dof | O D1Do '

The identity matrix I,, € P, since it is of the required block form (A =1,, D =1,_,, B =0).
Because A and D are invertible, note that

A B]™' [A! —A-'BD-!
0 D] |0 D1 ’

which can be checked by

[,81 g} [A(;l —A—Z;BlD—l] _ [A,g—l A(—A—lBgl;l)1+ B(D—l)] _ [3 (1)]

Thus, P forms a subgroup of GL,,(R). Labelling the matrices M4, where A is the top left block,
we see that the map sends

My ~ X, My~Y,  MyMy~ XY

since the top left block obeys the usual multiplication in GL,(R). This shows that this map is
a homomorphism. Its kernel is the pre-image of I,., which is the set of matrices M4 € P such
that A =1I,.

Exercise 13.
(a) Let H be a subgroup of G, and let g € G. The conjugate subgroup gHg ' is defined to
be the set of all conjugates ghg~', where h € H. Prove that gHg~! is a subgroup of G.
(b) Prove that a subgroup H of G is normal if and only if gHg~! = H for all g € G.

Solution.

(a) Note that the identity 1 € G is present in H, hence glg~! = 1 € gHg~'. Next, multi-
plication of elements in closed in the conjugate subgroup, because for any hy, ho € H, we
have

(9h1g™ ) (gh2g™") = gh1(9™ 9)hag™" = g(haha)g™",
and hihe € H. Finally, for any h € H, we have (ghg~')™! = gh~lg7!, with h=! € H.
Thus, gHg ! is indeed a subgroup of G.
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(b) Suppose that H is a normal subgroup. For any ghg~! € G with h € H, we must have
ghg~! € H by definition. Also for any h € H, we must have ghg~' € H, hence gHg™ ' =
H.

Suppose that gHg~" = H for every g € GG. This means that given h € H, we have
ghg~! € H, hence H must be a normal subgroup.

1

Exercise 14. Let N be a normal subgroup of G, and let g € G, n € N. Prove that g"'ng € N.

Solution. Note that we must have gng=' € N for every choice of g € G. Thus, choose g~! € G,
whence (g7 )n(g )"t =g lnge N.

Exercise 15. Let ¢ and 1 be two homomorphisms from a group G to another group G’, and
let H C G be the subset {z € G: ¢(x) = ¢(x)}. Prove or disprove: H is a subgroup of G.

Solution. Note that a homomorphism must map the identity to the identity, so (1) = 1" = (1)
gives 1 € H. If z,y € H, then ¢(z) = ¢¥(z) and ¢(y) = ¥(y), so p(zy) = ¢(@)e(y) =
Y(x)(y) = P(zy) giving xy € H. Finally, if + € H with ¢(z) = ¥(x), we have p(z~1) =
o)t =y(x)t =¢(z71), so 27t € H. Thus, H forms a subgroup of G.

Exercise 16. Let ¢: G — G be a group homomorphism, and let z € G be an element of
order r. What can you say about the order of ¢(z)?

Solution. Note that the order of p(z) is at most r, since

Furthermore, if the order of ¢(x) is 7/, we must have r'|r. Write r = ar’ + b for 0 < b < 7/,
whence

L= p(a") = o) = p(a*)" p(z)" = p(2)".

The minimality of 7’ forces b = 0, hence r = ar’.

Exercise 17. Prove that the center of a group is a normal subgroup.

Solution. Recall that the center H of a group G is the set of elements = € G such that xg = gx
for all g € G. This forms a subgroup of G since 1 € H, (xy)g = z(yg) = z(gy) = (zg9)y = g(zy)
hence zy € H if x,y € H, and g = gz implies gz~' = 27 !¢ hence 7! € H if x € H.
Furthermore, H is a normal subgroup since H is abelian. Note that given any « € H and
g € G, we have grg ! =xgg ' =2 € H.

Exercise 18. Prove that the center of GL,(R) is the subgroup Z = {cI: ¢ € R, ¢ # 0}.

Solution. Note that for each element ¢l € Z, we indeed observe that
(c)A =cA= Ac= (Al)c = A(c)

for every choice of A € GL,(R). Suppose that B commutes with every matrix in GL,(R),
ie. BA = AB for all A € GL,(R). Let E;; be the matrix with 1 in the 4, jth entry and
zeroes everywhere else, and note that the product BE;; is a matrix with its jth column equal
to the 7th column of B and with zeroes everywhere else. Similarly, F;; B is the matrix whose
ith row is the jth row of B, and with zeroes everywhere else. Now, I + E;; € GL,(R), so by
demanding B(I + E;j) = (I + E;;)B, we want BE;; = E;; B, which forces bj; = b;;, with the
remaining entries by; = 0 and b;, = 0 for the remaining choices of k. Repeating this for every
pair 1 < i < j < n, we conclude that all the diagonal entries b; are equal, and all off-diagonal
entries of B are zero. Thus, B must be of the form b1/ = cl.
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Exercise 19. Prove that if a group contains exactly one element of order 2, then that element
is in the center of the group.

2 1

Solution. Let x be the only element of order 2 in the group G, i.e. z° = 1 hence x = z7-.
Suppose that for some ¢ € G, we have xg # gz, ie. xzgr 'g~" = y # 1. Then we have
xy =2y = gz~ lg7!, hence (zy)? = gr~?¢g~! = gg~! = 1. Since z is the only element of order
2, either 2y = 1 or 2y = x. The former implies that y = 2~ = z, hence zgz~'¢g™! = 2 —
gr lg7! =1 = x =1, a contradiction. The latter implies that y = 1, another contradiction.
Thus, we must have xg = gz for all g € G, which means that x is in the center of G.

Exercise 20. Consider the set U of real 3 x 3 matrices of the form

O O =
O~ %
= % ¥

(a) Prove that U is a subgroup of SL3(R).
(b) Prove or disprove: U is normal.

(c) Determine the center of U.
Solution.

(a) See Chapter 1, Miscellaneous Problems, Exercise 6.
(b) Consider

1 00][1 00 100

1 10/|-110/=1]01o0]|,

00 1/|0 01 00 1
1 00/t 101 00 11011 00 0 10
1 10/]o1o0|l]-110/=1|120/|-110=|-120
00 1/|00 1|0 0 1 00 1/]0 01 0 0 1

Thus, this particular conjugate does not belong to U, which means that U is not a normal
subgroup of SL3(R).

(c) Note that a general product of matrices in U looks like

1 a b [1 o V 1 d+a b+acd+0
01 c¢fl0 1 =10 1 cd+c
0 0 1 0 0 1 0 0 1

Thus, for this product to commute for fixed a, b, ¢, we require ac’ = a’c for all choices of
a’ and ¢’. This immediately gives a = ¢ = 0, and this is sufficient. The center of U is the
set of all matrices of the form

1 0 b
010
0 01

Exercise 21. Prove by giving an explicit example that GLy(R) is not a normal subgroup of
GLy(C).

Solution. Consider
1 4| (1 0] |1 —¢| [1+4 4|1 —¢| |14+ -1
0 1|1 1{flo 1| 1 1o 1| 1 1—1|"
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Exercise 22. Let ¢: G — G’ be a surjective homomorphism.

(a) Assume that G is cyclic. Prove that G’ is cyclic.
(b) Assume that G is abelian. Prove that G’ is abelian.

Solution.

(a) Let G be generated by the element x. For every element v € G, we must have u = ¢(z")
for some r € Z because of the surjectivity of ¢. Thus, every u € G’ is of the form
u = p(x)", which means that G’ is a cyclic group generated by ¢(x).

(b) For any u,v € G’, we must have u = p(z) and v = ¢(y) for some z,y € G. Then,
wv = p(x)e(y) = e(zy) = p(yz) = p(y)e(x) = vu, which shows that G’ is abelian.

Exercise 23. Let ¢: G — G’ be a surjective homomorphism, and let N be a normal subgroup
of G. Prove that ¢(N) is a normal subgroup of G'.

Solution. Let u € p(N) be fixed, and let v € G’ be arbitrary. We find z € N, y € G such that
u = @o(z), v = ¢(y). Since x € N is part of a normal subgroup, we have yzy~! € N, hence
o(yzy~!) € p(N). However, p(yzy~') = vuv~! € @(N), which shows that ¢(N) is a normal
subgroup of G'.

2.5 Equivalence Relations and Partitions

Exercise 1. Prove that the non-empty fibres of a map form a partition of the domain.

Solution. Consider a map f: X — Y, and without loss of generality let f be surjective (if not,
substitute imY for Y). We wish to show that for any two u,v € Y such that u # v, the
pre-images f~!(u) and f~!(v) are disjoint. Suppose these two sets had a common element z;
this would imply f(x) = u and f(z) = v simultaneously, which is absurd. Furthermore, every
x € X belongs to the fibre f~1(f(z)) by construction, which means that the non-empty fibres
of the map f partition the domain X.

Exercise 2. Let S be a set of groups. Prove that the relation G ~ H if GG is isomorphic to H
is an equivalence relation in S.

Solution. Note that ~ is reflexive, since every group is isomorphic to itself via the identity map.
The relation ~ is also symmetric because if G ~ H, there is an isomorphism ¢: G — H whose
inverse ¢~': H — G is also an isomorphism hence H ~ G. Finally, if G; ~ G2 and Gy ~ G3,
there exist isomorphisms ¢: G; — G2 and ¢: Gy — G35, whence the map yo: Gy — G3 is an
isomorphism giving G; ~ GG3, making ~ transitive. Thus, ~ is an equivalence relation in S.

Exercise 3. Determine the number of equivalence relations on a set of 5 elements.

Solution. It can be shown that any partition {A;} of a set defines an equivalence relation,
namely x ~ y if x and y belong to the same set A;. Additionally, every equivalence relation
defines a partition of its set, which means that there is a one-to-one correspondence between
partitions and equivalence relations. There are 52 partitions of a set of 5 elements, which means
that there are 52 possible equivalence relations.

Exercise 4. Is the intersection RNR’ of two equivalence relations R, R’ C Sx .S an equivalence
relation? Is the union?
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Solution. Yes, the intersection T'= R N R’ is an equivalence relation. Note that xTx because
zRx and 2 R'x, Ty means that x Ry and xR’y which means yRz and yR'x, giving yTz. Finally,
if Ty and yT'z, that means that xRy and xRy, yRz and yR'z, which together give xRz and
xRz giving xTz. This proves that T is an equivalence relation.

No, the union R U R’ is not necessarily an equivalence relation. Consider the relations on
S =1{1,2,3}, where

R = {(17 1)7 (2’ 2)a (37 3)7 (17 2)> (Qa 1)}’ R = {(13 1)7 (27 2)7 (3a 3)a (27 3)a (37 2)}
It is clear that both R and R’ are equivalence relation. Their union
RUR ={(1,1),(2,2),(3,3),(1,2),(2,1),(2,3),(3,2)}

is not however, since it contains (1,2) and (2, 3), but not (1, 3).

Exercise 5. Let H be a subgroup of a group G. Prove that the relation defined by the rule
a~bif b=la € H is an equivalence relation on G.

Solution. For any a € G, we have a™'a = 1 € H so a ~ a. For any a,b € G, if a ~ b i.e.

b=la € H, its inverse a~'b € H i.e. b ~ a. Finally, if for a,b,c € G we have a ~ b and b ~ ¢, i.e.
b~la € H and ¢~ 'b € H, we have the product (¢~ !b)(b"'a) = cta € H so c ~ a.

Exercise 6.

(a) Prove that the relation = conjugate to y in a group G is an equivalence relation on G.

(b) Describe the elements a whose conjugacy class (equivalence class) consists of the element
a alone.

Solution.

(a) Note that every element is self conjugate via x = 1z1. If z is conjugate with y, we have
r = gyg ! for some g € G, hence y = g lwg = (g7 )x(g7!) ™! so y is conjugate with
y. Finally, if z is conjugate with y and y is conjugate with z, we have z = gyg~! and
y = hzh~! for some g,h € G, which gives z = g(hzh~1)g~! = (gh)xz(gh)~!, hence x is
conjugate with z.

(b) Suppose that the conjugacy class of a contains only a. This means that the only element
b such that a = gbg™! for some g € G, i.e. b = g 'lag, is a itself. Thus, the quantity
g tag =aforall g € G, i.e. ag = ga for all g € G, i.e. a is in the center of G.

Exercise 7. Let R be the relation on the set R of real numbers. We may view R as a subset
of the (z,y) plane. Explain the geometric meaning of the reflexive and symmetric properties.

Solution. Reflexivity forces every pair (z,z) € R, hence the diagonal line 2 = y must be present
in R. Symmetry forces (y,z) € R whenever (z,y) € R, which means that R has a reflection
symmetry about the z = y line.

Exercise 8. With each of the following subsets R of the (z,y) plane, determine which of the
axioms (5.2) are satisfied and whether or not R is an equivalence relation on the set R of real
numbers.

(a) R={(s,s): s € R}.
(b) R = empty set.
(¢c) R =locus {y =0}.
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(d) R =locus {zy+ 1= 0}.
(e) R =locus {2%y —zy® —x +y = 0}.
(f) R = locus {2 — zy + 2z — 2y = 0}.

Solution.

(a) All three axioms are satisfied, R being the ‘discrete’ relation where every element is related
only to itself.

(b) Symmetry and transitivity are vacuously satisfied, reflexivity is not.

(c) Only transitivity is (trivially) satisfied. Note that (1,1) ¢ R, (1,0) € R but (0,1) ¢ R.
Also, every element is only related to 0, which means that the only configuration of xRy
and yRz is xR0 and 0R0.

(d) Only symmetry is satisfied. Note that 1-1+1 = 2 # 0, and both (1,—1) € R and
(—1,1) € R, yet (1,1) ¢ R.

(e) All three axioms are satisfied. Clearly, (z,z) € R for all x € R, whenever (z,y) € R we
have 2%y — 2y? = x — y, hence y?x — 2%y = y — x so (y,z) € R. Rewrite our condition as
zy(x —y) —(x —y) =0or (zy — 1)(x —y) = 0. Thus, xRy if x =y or xy = 1. Suppose
that xRy and yRz. We may have x =y =z, orx =y and yz =1 hence zz =1, zy = 1
and y = z hence xz =1, or xy = 1 and yz = 1, whence z = 2. In all cases, xRz.

(f) Only symmetry is satisfied. Clearly (z,z) € R for all x € R. Note that our condition can
be written as z(x —y) +2(x —y) = 0, or (z + 2)(x —y) = 0. This gives xRy whenever
x=—2orxz=y. Thus, (—2,0) € R but (0,-2) ¢ R. Now, if xRy and yRz, we may have
r=-2andy=-2,orz=—-2andy=z,orx=yand y =—2 hencex =—-2,orz =y
and y = 2z hence x = z. In all cases, zRz.

Exercise 9. Describe the smallest equivalence relation on the set of real numbers which
contains the line z —y = 1 in the (z,y) plane, and sketch it.

Solution. Reflexivity demands that we include the line z = y, symmetry demands that we
include the line y — x = 1. Now, for all x € R, we have (z — 1,2) € R and (z,x + 1) € R, so
transitivity demands (z — 1,z +2) € R which is equivalent to saying that (z,z +2) € R for all
z € R. By repeating this process arbitrarily many times and employing symmetry, we see that
(x,z+n) € R for all z € R and n € Z. This gives

R =locus {x —y =n:n € Z}.

This consists of all lines with slope 1 which cut the axes at integral points.

Exercise 10. Draw the fibres of the map from the (z,z) plane to the y axis defined by the
map y = zz.

Solution. Denote the map f: R? — R, (z,2) — 2. Fixing y € R, we see that f~!(y) is the
collection of points (x, z) such that zz = y, i.e. a rectangular hyperbola.

Exercise 11. Work out rules, obtained from the rules on the integers, for addition and mul-
tiplication on the set (5.8).

Solution. The required rules are those of addition and multiplication in the field Zs. Note
that given any two elements z,y € 0, we have z + y = 0 because the sum of even numbers
is even. Similarly, the sum of an even number and an odd number is odd, and the sum of
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two odd numbers is even. This ensures that it makes sense to define 0 +0 =1+ 1 = 0, and
0+1=140=1. Similarly, the product of an even number with any other number is even,

and the product of two odd numbers is odd. Thus, we can define 0-0=0-1=1-0 =0, and
1-1=1.

Exercise 12. Prove that the cosets (5.14) are the fibres of the map ¢.

Solution. Recall that we defined the group homomorphism ¢: G — G’ with kernel N, and
described the cosets
aN :={g € G: g = an for some n € N}.

Suppose that b € im ¢. This means that b = p(a) for at least one a € G. We claim that the fibre
o 1(b) = aN. To see this, note that if x € ¢~ 1(b), then p(z) = b = p(a), hence p(a~'z) =1
so a'x € N. Thus, = a(a™'x) € aN. Next, pick € aN, i.e. z = an where ¢(n) = 1. Thus,
o(z) = p(an) = ¢(a)p(n) = b, hence x € p~1(b). Together, we have shown that the coset alN
is precisely the fibre of ¢(a).

2.6 Cosets

Exercise 1. Determine the index [Z : nZ].

Solution. The left cosets of nZ are nZ,1+nZ, ..., (n—1)+nZ, meaning that the index [Z: nZ] =
n. Note that the coset k +nZ contains the elements k + nf, for all £ € Z. This means that given
any m € Z, set m’ = m (mod n), whereby m = m’ + n¢’ for some ', so m € k + nZ. Finally,
set ¥ = k (mod n), and note that 0 < ¥’ < n. Thus, k € k+nZ and k € k' +nZ, so we already
listed all possible cosets.

Exercise 2. Prove directly that distinct cosets do not overlap.

Solution. Let H be a subgroup of GG, and let aH and bH be cosets. Suppose that there is one
element ahg € aH such that ahg ¢ bH, i.e. the cosets are distinct. Then, for any h € aH, if
ah € bH, that would imply that ah = bh’ for some h' € H, hence ah(h~'hg) = bh/(h~'hg), or
aho = b(Wh='hg). The parenthesized quantity is an element of H, hence ahq € bH, which is
a contradiction. Thus, no element of aH is an element of bH. Similarly, for any h € bH, if
bh € aH, we could find bh = ah’ for some h' € H, hence b(hh'~'hg) = ahg. This again implies
that ahg € bH, a contradiction. Thus, no element of bH is an element of aH. Therefore, a H
and bH are disjoint.

Exercise 3. Prove that for every group whose order is a power of a prime p contains an
element of order p.

Solution. Suppose that G is a group such that |G| = p™ for some natural number n. Pick z # 1
in G and consider the cyclic group H = (x) generated by x. Lagrange’s Theorem guarantees
that the order of H divides the order of G, i.e. |H| = p* for some natural number & (note that
|H| # 1). Section 2.2, Exercise 14. guarantees that since p | p¥, H contains a cyclic subgroup of
H' of order p. The generator of H' (specifically, wpk_l) has order p as desired.

Exercise 4. Give an example showing that left and right cosets of GL2(R) in GL2(C) are not
always equal.

Solution. Consider the following cosets, and set a = 1,d = 2,b = ¢ = 0.
1 di|lla bl la+ic b+aid| |1 2
i 1| |c d| |ai+c bi+d| |i 2

35 Updated on July 10, 2021



Algebra Groups

a V|1 ] [d+b di+V

d d||i 1| |d+id di+d
For the matrix in the left coset to belong to the right coset, we require ' = 1, = 0 which
immediately contradicts a’i + & = 2i. Thus, the two cosets are not the same and are disjoint.

Exercise 5. Let H, K be subgroups of a group G of orders 3,5 respectively. Prove that
Hn K ={1}.

Solution. Lagrange’s Theorem forces the order of any element of a group to divide the order of
the group, since the cyclic group generated by that element always forms a subgroup. Thus,
for any element x € H N K, the order of x divides both 3 and 5, which is possible only if x has
order 1, ie. x = 1.

Exercise 6. Justify (6.15) carefully.

Let ¢: G — G’ be a homomorphism of finite groups. Then,

|G| = |ker p| - |im ¢|.

Solution. Recall that ker ¢ is a subgroup of G, so Lagrange’s Theorem gives
|G| = | ker ¢| [G : ker ¢].
Again, the fibres of ¢ correspond one-to-one with the left cosets of ker ¢, so
[G : ker ¢] = [im ¢|.

When G and G’ are finite groups, all there quantities are finite, so combining them gives the
desired formula.

Exercise 7.

(a) Let G be an abelian group of odd order. Prove that the map ¢: G — G defined by
¢(z) = 22 is an automorphism.

(b) Generalize the result of (a).

Solution.

(a) It is clear that ¢ is a homomorphism in an abelian group because (ab)? = a?b? for all
a,b € G. Pick z € G. Since the order of G is odd, the order of  must also be odd (since
it divides |G|), hence 2?**1 = 1 for some k. This gives p(xF*t1) = 22k+2 = 22k+1y — o,
This means that ¢ is surjective, which immediately gives ¢ is injective and hence an
isomorphism.

The last fact can be verified by noting that im ¢ = G, hence | ker ¢| = |G|/|im ¢| = 1.
(b) If G is an abelian group of order n, the map ¢: G — G, ¢(x) = 2™ where m and n are
coprime is an automorphism.

Since n and m are coprime, we can choose integers a and b such that an +bm = 1. Given
any element = € G, we must have 2™ = 1. Thus, p(z?) = 2™ an zbm antbm

=TT = =T,
establishing that ¢ is surjective. Thus, ¢ is an automorphism.
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Exercise 8. Let W be the additive subgroup of R™ of solutions of a system of homogeneous
linear equations AX = 0. Show that the solutions on an inhomogeneous system AX = B form
a coset of W.
Solution. Suppose X satisfies AX = B. Then, forallY € W, we have AY = 0so A(Y+X) = B.
This means that all elements in the coset W + X are solutions. Next, suppose that X’ is another
solution, AX’ = B. This gives A(X — X') =0,s0 X — X' € W, ie. X' =Y’ 4+ X for some
Y’ € W. Thus, the solutions of AX = B are precisely the elements of the coset W + X.

Note that we may not even find any solution to AX = B, in which case the set of solutions
is the empty set.

Exercise 9. Let H be a subgroup of a group G. Prove that the number of left cosets is equal
to the number of right cosets if (a) G is finite and (b) in general.

Solution. Consider the map = ~» !, which sends the cosets aH ~» Ha~!. This is so because
for any = € aH, write z = ah uniquely for h € H, and note that  ~» h~'a™! € Ha~!. Similarly,
for any y € Ha™!, write y = ha~! uniquely for some h € H, and note that ah™! ~ (ah™!)"1 =
ha~', with ah™ € aH. Thus, we have aH ~ Ha~! precisely, making this map a bijection
between left and right cosets. This means that they must be equal in number.

Exercise 10.

(a) Prove that every subgroup of index 2 is normal.

(b) Give an example of a subgroup of index 3 which is not normal.
Solution.

(a) Let H be a subgroup of G, with [G : H] = 2. Note that 1H = H is indeed a left coset of
H. Let the other left coset of H be aH. For H # aH, we have 1 # ah for any h € H, i.e.
a ¢ H. Given any element h € H, g € G, either g € H in which case ghg™' € H trivially,
or g ¢ H, so the other coset is gH # H. Now if ghg~! ¢ H, we have ghg~' € gH, so
ghg™! = gh’ for some W' € H. This gives hg~' = h/ or ¢ = W~'h € H, a contradiction.
Thus, we always have ghg~! € H, making H a normal subgroup.

(b) Recall that the subgroup {1,2} = H C S3 is not normal, and the index [G : H] =
G|/|H| = 3.

Exercise 11. Classify groups of order 6 by analysing the the following three cases.

(a) G contains an element of order 6.
(b) G contains an element of order 3 but none of order 6.

(c) All elements of G have order 1 or 2.
Solution.

(a) Let 2 € G be of order 6. Then the elements 1, z, 2%, 23, 2%, 2% are all distinct; if any two
were equal, 2™ = z", then 2™~ " = 1 with |m — n| < 6, a contradiction. These must be
the six elements of GG, hence G is the cyclic group of order 6.

(b) Let € G be of order 3. The elements 1,z,x? are distinct. Pick y € G, y # 2*. If
y also has order 3, then the elements 1,y,y? would be distinct, with y # z, y # 22 so
y? # x and y? # 22 (if y? = z, then 22 = y* = y and if y? = 22, then = = 2* = y* = ).
Thus, 1,z,2% y,y> would be distinct. The element zy is also distinct, since zy # 1
Ay =9y, ay#u, ay#y (x,y#1), 2y # 2% xy # y* (¢ # y). The element xy?
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is also distinct, since zy? # 1 (3> # 2! =2?), 22 £ x (4> # 1), 2y® # vy (xy # 1),
vy #ay (y#1), 2y® # 2 (y? # x), vy? # y? (z # 1). This gives too many elements in
G.

Thus, y # 1 must have order 2. Thus, we have the elements 1, z, 22, y, xy, xy?> which are
all distinct. Note that y?> = 1 gives y~! = y. Examine (2y)? = xyxy. If zyzy = 2 then
yry=1 = xy=y ' =y = x =1, if zywry = 22 then (zy)3 = 2?(zy) = y # 1, which
contradicts the fact that the maximum order of any element in G is 3. If zyxy = xy, then
ryx = 1, if zyzry = y then (zy)® = (zy)y = = # 1, again contradicting the maximum
order. If xyzy = zy?, then yzy = y> = x = 1. Thus, we must have (zy)? = 1. A
similar argument can be used to show that (zy?)? = 1.

Now, examine yx. Clearly, yz # 1, yr # z, yr # y, yr # z°. If yr = xy, then
yry = xy®> = x, which we have already seen gives a contradiction. Thus, yz = zy?, and
similarly we can show that yz? = xy. This is enough to complete the entire multiplication
table of G, which we see must be precisely the symmetric group S5, which is isomorphic
to the dihedral group Ds.

(c) Let all z € G, x # 1 have order 2, and recall that we have already shown that a group
where every element is of order 2 at most is abelian. Pick z,y € G with z,y # 1 and x # y.
Then note that 1, x, y, xy are distinct, with zy = yx. In fact, these four elements are closed
under multiplication, each equal to their own inverse, and hence form a subgroup of order
4. This contradicts Lagrange’s Theorem, which requires the order of any subgroup of G
to divide the order of G.

Exercise 12. Let G, H be the following subgroups of GLs(R).

TSR |

An element of G can be represented by a point in the (z,y) plane. Draw the partitions of the
plane into left and right cosets of H.

Solution. Fix Ay, € G, and examine the left coset

o yo| [z O _ |zoT o
0O 10 1 0 1]
Thus, the elements of this coset correspond to the set of points (zox,yo) = (z,yo), which is the

horizontal ray with > 0 radiating from (but not intersecting) the y axis at yp.
Now examine the right coset

x 0| |zo wo| _ |Tox Yor

0 11|10 1| |0 1|
Thus, the elements of this coset correspond to the set of points (xoz, yox), which is the ray with
x > 0 radiating from the origin (but not including it) with slope yo/xo.

2.7 Restriction of a Homomorphism to a Subgroup

Exercise 1. Let G and G’ be finite groups whose orders have no common factor. Prove that
the only homomorphism ¢: G — G’ is the trivial one p(z) =1 for all z.

Solution. This follows directly from |G| = |ker ¢| - |im ¢|. Note that |im¢| is a factor of |G'|,
which forces |im | = 1, hence | ker ¢| = |G|. Thus, ker ¢ = G, which means that p(z) = 1 for
all z € G.
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Exercise 2. Give an example of a permutation of even order which is odd and an example of
one which is even.

Solution. The permutation (12) has odd sign, but (12)? = 1. The permutation (123) has even
sign, but (123)% = 1.

Exercise 3.

(a) Let H and K be subgroups of a group G. Prove that the intersection xH N yK of two
cosets of H and K is either empty or else is a coset of the subgroup H N K.

(b) Prove that if H and K have finite index in G then H N K also has finite index.

Solution.

(a) The intersection H N K contains elements of the form z = zh = yk, where h € H, k € K.
Either this intersection is empty, or contains at least one such z. Such an element demands
x = zh™!, and y = zk~!. In other words,  and y are elements of the coset z(H N K)
(recall that H N K is indeed a subgroup). Now pick any element in z(H N K), say 2’ = zg
where g € HN K. Then, 2’ = (zh)g = z(hg), and 2’ = (yk)g = y(kg), with hg € H and
kg € K, hence 2/ € tH NyK. Thus, we have shown that xtH NyK = z(H N K).

(b) If H and K have finite indices, that means that there are finitely many cosets z; H and y; K.
Every combination x; H Ny;K corresponds to at most one coset z;;(H NK). Furthermore,
given some coset z(HNK), we have elements 2z’ = zg with g € HNK, hence 2’ € zHNzK.
Thus, we have exhausted all cosets of H N K, which must be finite.

Exercise 4. Prove Proposition 7.1.

The intersection K N H of two subgroups is a subgroup of G. If K is a normal
subgroup of GG, then K N H is a normal subgroup of H.

Solution. First, note that 1 € K and 1 € H, hence 1 € K N H. Next, pick 2,y € K N H. Then
we have xy € H and zy € K due to the closure of multiplication in each of the groups, hence
xy € KN H. Finally, pick + € KN H, whence 2! € K and 2~ € H hence z=' € KN H. This
proves that K N H is a subgroup of G.

Suppose that K is a normal subgroup of G. Pick some x € K N H, and g € G. Note that
x € K implies that the conjugate gxg~' € K, hence grg~' € K N H. This proves that K N H
is a normal subgroup of G.

Exercise 5. Let H, N be subgroups of a group G, with N normal. Prove HN = NH and
that this set is a subgroup.

Solution. Pick x € HN, hence x = hn for some h € H, n € N. Since n € N is in a normal
subgroup, we must have hnh™' = n’ € N. Thus, hn = n’h, hence x = n’h, so HN C NH. A
similar argument can be used to show NH C HN, hence HN = NH.

Note that 1 € H and 1 € N, hence 1 € HN. Next, pick x,y € HN = NH, thus we can
choose © = hiny and y = noh2, so xy = hinin2he = hinghe. Further note that ngho € NH =
HN, hence nghy = hang, so xy = hihyng = (h1hy)ng € HN. Finally, pick x € HN, so x = hn,
whence = ! =n~"'h~!' € NH = HN. This proves that HN = NH is a subgroup.

Exercise 6. Let ¢: G — G’ be a group homomorphism with kernel K, and let H be another
subgroup of G. Describe p~!(¢(H)) in terms of H and K.

Solution. We claim that ¢! (p(H)) = KH. First, let z € KH,i.e. x = kh for some k € K, h €
K. Then, p(x) = ¢(kh) = p(k)p(h) = ©(h), hence x € ¢~ (¢(H)). Next, let x € o~ (p(H)),
i.e. o(x) = p(h) for some choice of h € H. Then, p(x)p(h)~! = 1, which gives p(zh™1) = 1.
Thus, zh™! € K so xh~! = k for some k € K. This gives x = kh € KH.
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Exercise 7. Prove that a group of order 30 can have at most 7 subgroups of order 5.

Solution. Consider the intersection G N Gy of two subgroups of G, both of order 5. Note that
G1 N Gy is also a subgroup of G as well as Go. Lagrange’s Theorem gives

‘Gl N GQ‘ divides ’G1| = ‘GQ‘ = 5.

This forces |G; N G| = 1 for distinct subgroups G; and Ga, i.e. distinct subgroups intersect
only at the identity element. Thus, n subgroups require at least 1 + (5 — 1)n = 1 + 4k distinct
elements in the group G. Eight or more subgroups require 1 + 4 x 8 = 33 elements in G, a
contradiction.

Exercise 8. Prove the Correspondence Theorem: Let ¢: G — G’ be a surjective group ho-
momorphism with kernel N. The set of subgroups H’ of G’ is in bijective correspondence
with the set of subgroups H of G which contain N, the correspondence being defined by the
maps H ~ p(H) and H' ~ ¢~ 1(H’). Moreover, normal subgroups of G correspond to normal
subgroups of G'.

Solution. First, we show that this map is injective. Let p(H;) = ¢(H2) = H' where H; and
Hs are subgroups of G containing N. Then, Exercise 6 shows that ¢~ '(H') = NHy; = NHo.
However, Hi contains N, so every nhy € Hy for every n € N, hy € Hy, and every hy = 1h; for
h1 € Hy, so NHy = Hy. Similarly, NHs = Hs, hence H; = Ho.

Next, we show that this map is surjective. Let H' be a subgroup of G. Since ¢ is surjective,
we see that every b’/ € G’ has at least one ¢(h) = h/ with h € G. To see that o~ !(H’) forms
a subgroup of G, note that p(1) = 1, (h™!) = K7L, and if ¢(h1) = R}, @(he) = hb, then
o(h1hg) = @(h1)p(hy) = hihy € H'. Clearly, H = ¢~ '(H’) contains the kernel N, since
N = (1) C o ' (H).

This proves that the described map between subgroups of G containing the kernel N and
subgroups of G’ is indeed a bijection.

Furthermore, suppose that H C N is a normal subgroup. Then, ghg™" € H for every
g € G. Now, set H = p(H), and let b’ € H', ¢ € G’ be arbitrary. Pick h € H, g € G such
that p(h) = k', ¢(g) = ¢, whence ¢'h¢'~! = ©(ghg™') € p(H) = H'. This shows that H' is
normal.

Next, suppose that H' C G’ is a normal subgroup. Set H = ¢ '(H') and let h € H, g € G'.
Then, note that ¢(g)p(h)e(g)~t € H' so o(ghg™t) € H', hence ghg~! € ¢~ !(H') = H. This
shows that H is normal.

1

Exercise 9. Let G and G’ be cyclic groups of orders 12 and 6 generated by elements x, y
respectively, and let p: G — G’ be the map defined by ¢(z) = 3*. Exhibit the correspondence
referred to in the previous problem explicitly.

Solution. Tt is clear that the kernel of ¢ is the set {1,25}. We now illustrate the correspondence
between those subgroups of G' containing this kernel, and the subgroups of G’ (whose entirety
is the image of ¢).

{1,z ~ {1},
1,93379367339} ~ {19’}
,I’, 67'%'873:10} W{17y2ay4}7
.73‘4 ,$10,$11} ~ {17y,y2;?/3;y47y5}‘

PR

{1, 22
{1,.’13,LU2,.’133,

Note that we have exhausted all subgroups of G’ on the right. All subgroups here are normal,
since cyclic groups are abelian.
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2.8 Products of Groups

Exercise 1. Let G, G’ be groups. What is the order of the product group G x G'?

Solution. Clearly, the Cartesian product G x G’ contains |G| |G’| elements, which must then be
the order of the product group.

Exercise 2. Is the symmetric group Ss3 a direct product of non-trivial groups?

Solution. No. Suppose that S3 is isomorphic to G X Gg for non-trivial groups Gy, G2. Since
|S3| = 6, the previous exercise forces |Gi| = 2, |G2| = 3 (or the other way around). These
are cyclic groups (note that a group of order 3 must contain the elements 1,b,b~'). Thus, if
Gy ={1,a}, G2 = {1,b,b?}, the element (a,b) turns out to have order 6.

(a,b)® = (1,0%), (a,b)? = (a,1), (a,b)* = (1,b), (a,b)° = (a,b?), (a,b) = (1,1).

However, S3 contains no element of order 6.

Exercise 3. Prove that a finite cyclic group of order rs is isomorphic to the product of cyclic
groups of orders r and s if and only if r and s have no common factor.

Solution. Suppose that C), is a cyclic group of order n, and n = rs with ged(r, s) = 1. Consider
the homomorphism ‘ o
¢:Cp— CrxCs, 2’ (y',2")

where C),, C,, Cy are generated by z,y, z respectively. Note that the power maps z* ~» 3 and
2’ ~ z' are homomorphisms individually. The kernel of ¢ is the pre-image of (1,1), hence any
27 in the kernel satisfies y/ = 1 and 2/ = 1. Note that y and z have orders r and s, so we have
r|j and s|j. Because r and s are coprime, the smallest positive solution for j is rs = n. Thus,
the kernel of ¢ contains only ™ = 1, hence this map is injective. The orders of C,, and C, x Cs
are equal, hence ¢ is an isomorphism.

Now suppose that C,, is isomorphic to C, x Cs, with ¢: C,, — C;, x Cs being such an
isomorphism. We demand n = rs by equating the orders of the groups. If r and s share a
common factor ¢ > 1, note that

(yvz)m/t = ((yr)S/tv (ZS>T/t) = (1,1),
with rs/t = n/t < n. Thus, the kernel of ¢ is non-trivial, meaning that ¢ cannot have been an

isomorphism.

Exercise 4. In each of the following cases, determine whether or not G is isomorphic to the
product of H and K.

(a) G=R*, H={+£1}, K = {positive real numbers}.

(b) G = {invertible upper triangular 2 x 2 matrices}, H = {invertible diagonal matrices},
K = {upper triangular matrices with diagonal entries 1}.

(¢) G=C*, H = {unit circle}, K = {positive reals}.
Solution.
(a) Yes. Consider the map
@: R* — {£1} x RP?, x ~ (sgnz, |x]).
Clearly, if z = xy where z,y € R*, we have

(sgnz, |z|) - (sgny, ly[) = (sgnasgny, |z|ly|) = (sgnzy, lzy|) = (sgn z, |z).
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Furthermore, every element (s,r) € {1} x RP°® corresponds to sr in R*, and if (s1,71) =
(s2,72), then we demand s; = s and r1 = rg9, hence s171 = sore. Thus, ¢ is an isomor-
phism.

(b) No. Note that both H and K are abelian groups, but G is not.

Note that (hl, kl)(hg, kg) = (hlhg, klkg) = (hghl, kgkl) = (hg, kg)(hl, k)l) when H and K
are both abelian, hence if ¢: H x K — G is to be an isomorphism, with ¢(h;, k;) = g,
we demand g192 = ¢291-

(c¢) Yes. Note that every point in the unit circle can be uniquely assigned an angle x € [0, 27),
and hence every point on the unit circle is associated with the unique complex number
e, Now, construct the map

@: {} x RPS 5 C%, (e, 1) ~ re'.

This map is clearly a bijection (every complex number has a unique positive norm, and
can be assigned a unique argument/angle; two complex numbers that are equal have the
same norm and the same argument). Furthermore, note that

(e, r) - ("2, 1rg) = (e’(ler“),rlrg), r1e P rge 2 = pypget(*1t2)

which proves that ¢ is an isomorphism.

Exercise 5. Prove that the product of two infinite cyclic groups is not infinite cyclic.

Solution. Suppose that G and H are infinite cyclic groups generated by g and h respectively,
and suppose that G; x Ga is generated by the element (g°,h’). This requires every element
of G x H to be of the form (g'", h’™) for integers n. Now, (g,1) is in the desired group, so
g™ = g, and K" = 1. Thus, j = 0. A similar argument with (1,%) forces i = 0, but clearly
(¢*,h7) = (1,1) cannot generate (g, h). Thus, the product G x H is not cyclic.

Exercise 6. Prove that the centre of the product of two groups is the product of their centres.

Solution. Suppose that some (x,y) commutes with all choices of (a,b) € G x H. This immedi-
ately gives xa = ax, yb = by for all choices of a € G, b € H hence z,y are in the centres of G,
H respectively.

Similarly, if xa = az for all @ € G and yb = by for all b € G, we must have (z,y)(a,b) =
(za,yb) = (az,by) = (a,b)(x,y) for all (a,b) € G x H, which means that (z,y) is in the centre
of G x H.

Exercise 7.

(a) Let H, K be subgroups of a group G. Show that the set of products HK = {hk : h €
H,k € K} is a subgroup if and only if HK = KH.

(b) Give an example of a group G and two subgroups H, K such that HK is not a subgroup.
Solution.

(a) Suppose that HK = KH. Clearly, HK contains 11 =1, and if x € HK, then x = hk for
some he H ke Ksox ! =k 'h' ¢ KH = HK. Finally if x = h1ky, y = hoksy for
h; € H, k; € K, then Y = hikihoks = hl(k‘th)k‘Q = hl(hék‘ll)k'g = (hlhé)(k’ika) € HK,
since k1he € KH = HK. This proves that HK is a subgroup of G.
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(b) Consider G = Sy, H = {1,(14)}, K = {1,(123), (132)}. We compute
HEK = {1,(14), (123), (1234), (132), (1324)},

KH = {1,(14), (123), (1423), (132), (1432)}.

It is clear that HK is not a subgroup; note that the inverse (1234)~! = (1432) is not
present in HK.

Exercise 8. Let G be a group containing normal subgroups of orders 3 and 5 respectively.
Prove that G contains an element of order 15.

Solution. Recall that in Section 2.7, Exercise 5, we have shown that for subgroups H and K of
G with either one normal, H K = K H and hence H K is a subgroup of G. Section 2.6, Exercise 3
shows that each of the groups H and K of prime orders 3 and 5 contain an element each of
order 3 and 5, say x and y. In other words, x and y generate H and K, so they are cyclic,
abelian groups. Section 2.6, Exercise 5 shows that H and K are disjoint. Proposition 8.6 (c)
shows that H K is isomorphic to H x K. Section 2.8, Exercise 3 shows that H x K is isomorphic
to the finite cyclic group of order 15. The generator of this group has order 15, thus G contains
an element of order 15.

Exercise 9. Let GG be a finite group whose order is a product of two integers: n = ab. Let
H, K be subgroups of G of orders a and b respectively. Assume that H N K = {1}. Prove that
HK = G. Is G isomorphic to the product group H x K?

Solution. It is clear that HK C G. We claim that all ab possible products h;k; in HK are
distinct, which would force HK = G. Suppose that h1k; = hoko, where either h; # hy or
k1 # ko or both. The possibility that exactly one of hy = ho and k1 = ko can be discarded
immediately by cancellation. Thus, hi # he and k; # ko. We have hy = hokoky ! = ho(koky 1),
thus hy lhy = koky ! with neither side equal to 1. This is a contradiction, since H N K = {1}.

Consider G = D3, H = {1, s}, K = {1,7,72}. Note that H x K is the cyclic group of order
6, and hence cannot be isomorphic to Ds.

Exercise 10. Let z € G have order m, and let y € G’ have order n. What is the order of

(z,y)in G x G'?

Solution. We claim that the desired order is lem(m,n) = mn/d, where d = ged(m,n). Clearly,
(2, )™ = (™)™, (y") ™) = (1,1),

so the order of (z,y) must divide mn/d. Suppose that the order of (x,y) is mn/dt for t > 1.
This means that both 2%/ =1 and y™"/% =1, so m and n both divide mn/dt. Thus, n/dt
and m/dt are both integers, meaning that dt is a common factor of m and n, contradicting the
maximality of d as the greatest common factor.

Exercise 11. Let H be a subgroup of a group G, and let ¢: G — H be a homomorphism
whose restriction to H is the identity map: p(h) = h, if h € H. Let N = ker ¢.

(a) Prove that if G is abelian then it is isomorphic to the product group H x N.

(b) Find a bijective map G — H x N without the assumption that G is abelian, but show by
an example that G need not be isomorphic to the product group.

Solution.
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(a) We claim that HN = G. Recall that N is a normal subgroup, so HN = NH hence HN
is a subgroup of G. Now, suppose that g € G such that g ¢ HN, i.e. there is no choice of
h € H, n € N such that g = hn. Thus, ¢’ = ¢(g) ¢ H (if it were, then ¢(g) = h = ¢(h),
so p(gh™') = 1 hence gh~! = n for some n € N). This is a contradiction, since im ¢ = H,
proving that HN = G. Furthermore, HNN = {1}; to see this, note that for allz € HNN,
o(z) = x and p(z) = 1. Thus, every element g € G has a unique decomposition g = hn
where h € H, n € N. If g = hn = h'n/, then K~ h = n/n~! with the left side in H and
the right in N, forcing both to be equal to 1 hence h = b/, n = n/.

The above establishes that the map ¢: G — H x N, g ~» (h,n) where g = hn with
h € H,n € N is a bijection. To show that this is an isomorphism, note that for gy = hiny
and g2 = hon2, we have g1g2 = hinihane = hihoning hence 1¥(g1g2) = (h1h2,ning) =
¥(g1)¥(g2), using the fact that G is abelian. Thus, G is isomorphic to H x N.

(b) The map 1 described earlier is the required bijection. It need not be an isomorphism when
G is not abelian; choose G, H, N as in Exercise 4(b), i.e. let G be the set of invertible
upper triangular matrices, let H be the set of invertible diagonal matrices, and let N be
the set of upper triangular matrices with diagonal entries 1. With the homomorphism

p:G— H,

a b | 0

0 d 0 d|’
where ad # 0, we see that ¢ fixes H, with N being the kernel. Note that ¢ is indeed a
homomorphism, because

air bi| |laa be _|a1ae a1by + bido — ai1a2 0
0 di||0 dof | O dids 0 dids |’

ar 0 laz 0| |a1a0 0

0 d1 0 d2 o 0 d1d2 ’
However, as we have already noted earlier, the product group H x N is not isomorphic to
G, the former being abelian while the latter is not.

2.9 Modular Arithmetic

Exercise 1. Compute (7 + 14)(3 — 16) modulo 17.
Solution. We have

(7T+14)(3 —16) = (21)(—13) = (4)(4) =16 (mod 17).

Exercise 2.

(a) Prove that the square a? of an integer a is congruent to 0 or 1 modulo 4.

(b) What are the possible values of a?> modulo 87
Solution.

(a) Note that a mod 4 is exactly one of 0,1,2,3, hence the corresponding possibilities for
a® mod 4 are 0,1,4,9, which reduce to just 0 or 1 modulo 4.

(b) Again, the possibilities for @ mod 8 are 0,41, 42, 43,4 only, hence a? mod 8 must be one
of 0,1,4,9,16 which reduce to 0, 1,4 modulo 8.
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Exercise 3.

(a) Prove that 2 has no inverse modulo 6.

(b) Determine all integers n such that 2 has an inverse modulo n.
Solution.

(a) We need only check the products of 2 with 0,1, 2,3, 4,5, which are 0,2, 4,6, 8, 10, reducing
to just 0,2,4 modulo 6. Thus, 2 has no inverse modulo 6.

(b) For all odd natural numbers n = 2k — 1, we have 2- k=1 (mod n).

For all even integers n = 2k, note that 2-m = 1 (mod n) would imply that 2m — 1 =
nl = 2k{ for some multiplier ¢, which is absurd because the left side is odd while the right
is even.

Exercise 4. Prove that every integer a is congruent to the sum of its decimal digits modulo
9.

Solution. Note that 10 = 1 (mod 9), hence 10¥ = 1 (mod 9) for all powers 10¥. Thus, given
any integer a, we can expand it in base 10 as

n

a= Zakl()k = Zak (mod 9),
k=0

k=1

but the latter sum is simply the sum of all the decimal digits of a. Here, n denotes the highest
power of 10 in a.

Exercise 5. Solve the congruence 2z =5 (a) modulo 9 and (b) modulo 6.

Solution.

(a) We can have z = 0,41, £2,+3,4+4, hence 2z = 0,+1,+4,4+6,£8 = 0,41, +4, F3,F1
(mod 9). Now, 5 = —4 (mod 9), so the only solutions are x = —27 (mod 9). Thus, the
complete class of solutions is x = 9k 4+ 7, where k € Z.

(b) There are no solutions, since 2z = 5 (mod 6) requires 2z = 5 + 6k for some k, which is
absurd since the left side is even but the right is odd.

Exercise 6. Determine the integers n for which the congruences z +y = 2, 20 — 3y = 3
(modulo n) have a solution.

Solution. By adding and subtracting the equations, we obtain the congruences 5x = 9, 5y = 1
modulo n. Thus, 5z + pn =9, 5y + gn = 1 for integers p, q. The second Diophantine equation
admits solutions if and only if ged(5,n) divides 1, i.e. n is co-prime with 5 (this is made obvious
by the fact that if 5 divided n, then 5x 4+ gn would be a multiple of 5 but 1 is not).

We thus examine the four possibilities of n = 1,2, 3,4 modulo 5. In each, we can find integers
a, b such that 5a + nb =1, i.e. 5a = 1 modulo n; 5 is invertible in Z)*. Thus immediately gives
the solution x = 9a, y = a. Thus, our equations have solutions precisely when n is not a
multiple of 5.

Exercise 7. Prove the associative and commutative laws for multiplication in Z/nZ.
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Exercise 8. Use Proposition (2.6) to prove the Chinese Remainder Theorem: Let m,n,a,b
be integers, and assume that the greatest common divisor of m and n is 1. Then there is an
integer x such that z = a (mod m) and x = b (mod n).

Solution. Since ged(m,n) = 1, we find integers p,q such that pm + gn = 1. Thus, with
p = (b—a)pand ¢ = (b —a)q, we have p'm + ¢'n =b—a, so set a + p'm =b— ¢'n = z. This
clearly satisfies the desired conditions.

2.10 Quotient Groups

Exercise 1. Let G be the group of invertible real upper triangular 2 x 2 matrices. Determine
whether or not the following conditions describe normal subgroups H of G. If they do, use the
First Isomorphism Theorem to identify the quotient group G/H.

(a) aj] = 1 (b) ajp = 0 (C) a1] = a2 (d) ajlp = agy = 1.

Solution. It is useful to note that multiplication in G is of the form

a bl ld V]| [ad ab +0bd a b7 _|1/a —b/ad
0 d|{|0 d| |0 dd' ’ 0 d 10 1/d |-
Specifically, the a11 and a9y terms all multiply without interference from the other terms.

Invertibility guarantees ad # 0.

(a) Consider the general conjugate
a bl {1 z||1l/a —b/ad
0 dllo yl|o 14|

Since the a1 and age elements multiply in order, the result also obeys a11 = (a)(1)(1/a) =
1, hence all conjugates are in H making it a normal subgroup of G.

Consider the map ¢: G — G, defined by

a b o |@ 0
0 d 0 1|°
This is a homomorphism, since

a bl ld V| [|ad ab +0bd . aa’ 0] [a O] [d O
0 d| |0 d| |0 dd’ 0 1| |0 1|0 1|°
The kernel of this map is clearly H, and the image is the set of all diagonal matrices with

age = 1. Call this subgroup H’, and note that this is isomorphic to R* (the multiplicative
group on R\ {0}) via the isomorphism

[a O] —a
01 '
Thus, the First Isomorphism Theorem produces the identification G/H ~ H', and H' ~

R*. This means that the quotient group G/H is simply R* upto isomorphism.

(b) Consider the general conjugate

{8 Z] [“E 2] [léa —f//;d]: [8 Z] [méa —:Zl;/dad]: B _mb/d;yb/d_

In general, the resultant a2 = (y — x)b/d # 0. Specifically, choose a = b = d = 1, and
x =1,y =2. Thus, H is not a normal subgroup of G.
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()

Consider the general conjugate
a bl |z y||[l/a —b/ad
0 dlo |0 1/d]
Again, the diagonal elements in the result must be a1; = (a)(z)(1/a) = z, and azy =

(d)(z)(1/d) = x, which means that the conjugate is in H. This makes H a normal
subgroup of G.

Consider the map ¢: G — G, defined by

a b a/d 0
~ .
0 d 0 1
This is a homomorphism because

a bl ld V| [|ad ab +0bd - ad’/dd" 0| |a/d O] [d'/d" O
0 d| |0 d| |0 dd' 0 1 [0 1 0 1]

The kernel of ¢ is clearly H, and the image is the set of all diagonal matrices with ase = 1,
which we have already seen is isomorphic to R*. Thus, G/H is R* upto isomorphism.

Following the previous part, we see that any conjugate of the form

a bl |1 y||l/a —b/ad

0 d/ |0 1]] 0 1/d
belongs to H, with both diagonal elements equal to 1. This makes H a normal subgroup
of G.

Consider the map ¢: G — G, defined by

a b . |e 0
0 d 0 d|’
This is a homomorphism, because
a bl ld V]| _ [|ad ab’—i—bd'waa’ 0] |a O0]fa O
0 dl |0 d| |0 dd' 0 dd| |0 d||0 d|°
The kernel of ¢ is H, and the image is the set of all (2 x 2) diagonal matrices. This in
turn is isomorphic to R* x R*, via the isomorphism

[g 2] - (a,d).

Thus, G/H is the product group R* x R* upto isomorphism.

Exercise 2. Write out the proof of (10.1) in terms of elements.

Let N be a normal subgroup of a group G. Then the product of two cosets alN, bN
is again a coset, in fact
(aN)(bN) = abN.

Solution. Fix a,b € G.

First, pick an element from the left hand side, which must be of the form x = anybns for some
ni,n2 € G. From the normality of N, we can choose n1b = bn/, hence x = abnng = (ab)(nna),
which is an element of anN. This gives (aN)(bN) C abN.

Next, pick an element from the right hand side, which must be of the form abn for some
n € N> Simply rewriting this as (al)(bn) shows that this is an element of (aN)(bN), giving
(aN)(bN) D abN.
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Exercise 3. Let P be a partition of a group G with the property that for any pair of elements
A, B of the partition, the product AB is contained entirely within another element C' of the
partition. Let N be the element of P which contains 1. Prove that N is a normal subgroup of
G and that P is the set of its cosets.

Solution. To show that N is a subgroup of G, first note that 1 € N by construction. Next,
if € N but 27! ¢ N, suppose 2! € A for some A € P. Then, 1 = 2~ 'z € AN C C for
some C' € P, but N is the only element of the partition containing 1, forcing C' = N. This
immediately gives 711 € N, a contradiction. Thus, we have z=! € N. Finally, pick z,y € N
and suppose that the product zy ¢ A # N for some A € P. Then, x = (zy)y~' € AN C C for
some C' € P, but as before, the only element of P containing x is N. This means that C' = N,
so (zy)l € N, a contradiction. Thus, we have zy € N.

Next, to show that N is a normal subgroup of G, pick x € N and consider the conjugate
axa~! for some a € A € P. Note that this choice of A is unique; if A = N, clearly aza™' € N
as desired. Otherwise, note that ax € AN C C for some C € P. This set C also contains
al € AN, hence we must have C = A. Thus, aza™' € AA’ C D, where A’ € P is chosen to
contain ¢! and D € P. Now, the element 1 = aa~! € AA’ C D, which forces D = N. As a
result, aza~! € N, making N a normal subgroup of G.

To show that every element of P is a coset of N, pick A € P. If A = N, we are done,
otherwise pick some a € A. We claim that A = aN. Recall that we have already shown that
AN C A, hence aN C AN C A. Next, pick some b € A, and let A’ € P be the set containing
a~!. As before, 1 € AA’ C C for some C € P, forcing C = N. Thus, ba~' € AA’ C N, hence
b € aN. This proves that A C alV, thus A = aN.

Note that we have shown that every element in P is a coset of N. Furthermore, P must
contain every coset of IV, since every a € GG belongs to exactly one A € P, hence aN = A € P
for every coset aN.

Exercise 4.

(a) Consider the presentation (1.17) of the symmetric group S3. Let H be the subgroup
{1,y}. Compute the product sets (1H)(zH) and (1H)(x?H), and verify that they are not
cosets.

(b) Show that a cyclic group of order 6 has two generators satisfying the rules 23 = 1, y? = 1,
yr = Y.

(c) Repeat the computation of (a), replacing the relations (1.18) by the relations given in part
(b). Explain.

Solution.

(a) Recall that we have 23 = 1, y?> = 1, yz = z%y. For (1H)(zH), compute 1zl = z,
loy = xy, yxl = 22y, yry = 2%yy = 2% hence (1H)(zH) = {z, 2%, vy, 2%y}. Similarly for
(1H)(z?H), compute 1221 = 22, 122y = 22y, y2?1 = 2%yx = 2ty = 2y, y2’y = vyy = 2
hence (1H)(2%2H) = {z,2?, 2y, 2%y}. This cannot be a coset of any subgroup of S3, since
any coset must contain the same number of elements as the corresponding subgroup but
Lagrange’s Theorem prevents any subgroup of S35 from having 4 elements.

3 5

=y?=1landyz = vy = a.
= a generates Cg.

(b) Let Cs = (a), and set = = a?, y = a®. Then we clearly have x
Furthermore, z and y do indeed generate Cg, because yz !

(c) For (1H)(xH), compute 1zl = z, loy = zy, yxl = zy, yry = xyy = x hence (1H)(zH) =
{x,zy}. Similarly for (1H)(22H), compute 1221 = 22, 12%y = 2%y, y2®1 = xyz = 22y,
yr?y = 2?yy = 22 hence (1H)(z2H) = {22, 2%y}. Now, the first product is the coset zH
and the second is the product z2H.
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Note that Cj is abelian, which guarantees that H is a normal subgroup. Thus, Proposi-
tion 10.1 ensures that the product of cosets of H is another coset of H.

Exercise 5. Identify the quotient group R* /P, where P denotes the subgroup of positive real
numbers.

Solution. Note that the sgn map where sgnz = z/|z| is a homomorphism whose kernel is
precisely P. Thus, the First Isomorphism Theorem shows that R* /P is isomorphic to im(sgn) =
{£1}, the cyclic group of two elements.

Exercise 6. Let H = {+£1,+i} be the subgroup of G = C* of fourth roots of unity. Describe
the cosets of H in G explicitly, and prove that G/H is isomorphic to G.

Solution. Given some z € C*, the coset zH = {£z, +iz}. This represents all four rotations of
z in the complex plane by multiples of /2.

Consider the map ¢: C* — C*, defined by z ~» z*. Note that this is a homomorphism,
since p(x)p(y) = 2ty* = (zy)* = p(xy) for all 2,y € C*. It’s kernel consists of the solutions of
z* = 1, which is precisely H. Furthermore, ¢ is surjective since every z € C* can be written in
the form re® for r > 0, hence <p(r1/ i/ 4) = 2. Thus, the First Isomorphism Theorem shows
that G/H is isomorphic to G.

4

Exercise 7. Find all normal subgroups IV of the quaternion group H, and identify the quo-
tients H/N.

Solution. Recall that in Section 4, Exercise 8(b), we have shown that all subgroups of the
quaternion group are normal. We consider all possible cases below.

o For N = {1}, we trivially have H/N ~ H.

o For N = {£1}, note that the cosets of N are {+1}, {+i}, {£j} and {£k}. It is clear
that H/N is isomorphic to the Klein four group, since we have the relations{+i} - {+j} =
{xk} ={£j} - {£k} and all other similar ones.

o For N = {+1, £i}, note that the cosets of N are {+1,+i} and {£j,+k}. Thus, H/N is
isomorphic to Cs. The cases replacing ¢ with j or k are identical.

o For N = H, we trivially have H/N ~ {1}.

Exercise 8. Prove that the subset H of G = GL,(R) or matrices whose determinant is
positive forms a normal subgroup, and describe the quotient group G/H.

Solution. Consider the map ¢: GL,(R) — {£1}, defined by X ~~ sgn(det X). This is clearly a
homomorphism, being the composition of two homomorphisms. Furthermore, the kernel of ¢ is
precisely H, and ¢ is surjective because £I ~» £1. Thus, H must be a normal subgroup, and
G/H must be isomorphic to {£1}.

Exercise 9. Prove that the subset G x 1 of the product group G x G’ is a normal subgroup
isomorphic to G and that (G x G')/(G x 1) is isomorphic to G’.

Solution. Consider the map ¢: G x G’ — G, defined by (x,y) ~ y. This is a homomorphism
since it is a projection map; furthermore, it’s kernel is precisely the set G x 1, and ¢ is surjective
because every y € G’ has the pre-image (1,y) € G x G'. Thus, G x 1 is a normal subgroup of
G x G', and the quotient group (G x G')/(G x 1) is isomorphic to G'.
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Exercise 10. Describe the quotient groups C*/P and C* /U, where U is the subgroup of
complex numbers of absolute value 1 and P denotes the positive reals.

Solution. First, let p: C* — U be the map defined by z ~» z/|z|. It is clear that this is
a homomorphism, and its kernel is the set of solutions of z = |z|, i.e. precisely the set P.
Furthermore, this map is surjective, since every e’ € U has itself as a pre-image. Thus, the
quotient group C* /P is isomorphic to U, i.e. the unit circle/set of rotations in 2D.

Next, let ¢: C* — P be the absolute value map. We have already shown that this is a
homomorphism. It’s kernel is the set of solutions of |z| = 1, i.e. precisely the set U. Furthermore,
this map is surjective, fixing P. Thus, the quotient group C* /U is isomorphic to P, i.e. the
multiplicative group of positive reals.

Exercise 11. Prove that the groups R™/Z* and R /27Z™ are isomorphic.

Solution. We claim that all groups of the form R* /tZ" for non-zero ¢ are isomorphic (note that
without loss of generality, we can choose positive t). Let ¢;: : RT — U be the map define by
x ~ 2™/t This is clearly a homomorphism since et = e%e¥. Furthermore, the kernel of ¢y
is the set of solutions to e2™*/t = 1 i.e. x = tn for integers n, which is precisely the set tZ*:
we also see that ¢y is surjective since any e¢® € U has the pre-image tz/2r € RT. Thus, all

quotient groups of the form R*/tZ™ are isomorphic to the unit circle, and hence to each other.

Miscellaneous Problems

Exercise 1. What is the product of all mth roots of unity in C?
Solution. The mth roots of unity are precisely the following, distinct complex numbers.

1, e27m/m’ e4m/m7 e 62(m71)7r1/m.

Their product is

2 (04 1o (m—1)) fm. _ 2mi-(m—1)m/2m _ (m—1)mi _ +1, ifmisodd,
—1, ifmis even .

Exercise 2. Compute the group of automorphisms of the quaternion group.

Solution. Let ¢ be an automorphism. Since an automorphism must preserve the orders of
elements, we have ¢(1) = 1 and ¢(—1) = —1. Suppose that ¢(i) = x, ¢(j) = y. This
determines ¢(k) = ¢(ij) = ¢(1)¢(j) = zy.

Choose ¢(i) =i, p(j) = j. This gives the identity map.

Note that if ¢(i) = z = +¢(j), then p(k) = +2? = F1, which means that ¢ is not an
automorphism. The same applies for all other analogous cases cycling ¢, j, k.

For any choice of ¢(i) = z, ¢(j) =y for x # ty, x,y € {£i,+j, £k} we have p(k) = zy,
p(—1) = p(ijk) = zyry = —x(xy)y = —2%y® = —1 since 2* = p(i%) = -1, y* = p(j*) = —1.
Thus, the image of this map does indeed generate the quaternion group (which is determined
completely by i? = j2 = k? = ijk = —1). We see that these must be precisely the set of
automorphisms of the quaternion group. With 6 choices for z and 4 remaining for y, this group
has order 24.

It can be shown that the group of these automorphisms is isomorphic to Sy. (77)

Exercise 3. Prove that a group of even order contains an element of order 2.

Solution. A group of even order contains an odd number of non-identity elements. If there were
no element a or even order, then a® # 1 or a # a~! for any a in the group. Thus, the unordered
pairs {a,a"1} for every a in the group would partition all non-identity elements, since every
element has a unique inverse. This would imply that there are an even number of non-identity
elements, a contradiction.
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Exercise 4. Let K C H C G be subgroups of a finite group G. Prove the formula [G : K] =
[G: H|H : K].

Solution. Note that
|G| =[G : H]|H], |H| = [H : K]|K], |G| =[G : K]|K]|.

Multiply the first two and divide by the third to get the desired formula.

Exercise 5. A semigroup S is a set with the associative law of composition and with an
identity. But elements are not required to have inverses, so the cancellation law need not
hold. The semigroup S is said to be generated by an element s if the set {1,s,s2 ...} of non-
negative powers of s is the whole set S. For example, the relations s> = 1 and s> = s describe
two different semigroup structures on the set {1,s}. Define isomorphism of semigroups, and
describe all isomorphism classes of semigroups having a generator.

Exercise 6. Let S be a semigroup with finitely many elements which satisfies the Cancellation
Law (1.12). Prove that S is a group.

Solution. Let S have n elements, and pick x € S; we wish to show that there exists y € S such
that zy = 1. By allowing y to vary over all n distinct elements in S, we obtain the products
xy. If any two of these were equal, then zy; = xys = w1 = 9, a contradiction. Thus, all
n possible products xy must be distinct. This means that one of them must be the identity
element, hence we have xy = 1.
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