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Exercise 9 Show that u* - u* = 1, where u* = (v, yv/c).

Solution From the definition of the dot product,
utout = wOu — wtet — wPu? — Bl
= 7* =2 (v; + vy + o)/
(1 —2?/c?)
= 1.
The last line follows since v =1/4/1 — v2/c2.

Exercise 10 Show that u” - a# = 0, where a* = du”/ds.

Solution We know that z* = (ct, =, y, z). In the frame of proper time, the particle is at rest, so from
the invariance of the spacetime interval ds,

ds? = Adt? — da® — dy?® — d2° = 2dr?.

This means that ds = cdr, where 7 is the proper time. Also, dr = dt\/l — (daz? + dy? + dz?)/dt? =
dt\/1 —v?/c?, where v is the speed of the body. Thus, using the differential dz# = (cdt, dz, dy, dz), we

have
uu_du_dTﬂiu_ﬁy v

= %m = dtw = (¢, Vg, Uy, ;) = ('y, Ev) .

To proceed further, we will need to calculate dry/dt.
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This follows since v* = v - v. The quantity a is the ordinary acceleration in 3 space. We take the
derivative of u* in the same manner as before, obtaining

iuuzli{
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p g — (e, v) + 5 —(c, 'v):’y—'u-a(c7 v)—|—zf2(0, a).
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e

Simplifying, we obtain

Thus, we see that

B 5 -3 A3 ) 2
u”-a“zc—gv-a—g(v-a)(v-v)—C—(v-a)zc—g(v-a) [’y o A }:0.

The last equality follows because v2(1 — v?/c?) = 1.

Exercise 11 Show that

me—axt = ph.
ds



Solution We know that dz* = (cdt, dx, dy, dz). We also know that if 7 represents the proper time,
then ds = cdr. Thus,
d ,_drd 1<dt dr dy dz>
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ds” ds dr "’ c\dr’ dr dr’ dr

In addition, we know that dr = dt\/1 — v2/c? = dt/~, where v? = (d2? 4 dy? + dz?)/dt? is the square of
the speed of the particle m. Thus,

de _ dtde _ dy _dtdy _ dz _dtdz _
dr drdt """ ar drat Y dr  drar U

Thus, since p = myv, we have
d E
mcdfa:” = (yme, ymu,, YMUy, ymv,) = ( —, p | =p".
S c

The second equality follows since E = ymc2.



