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Exercise 1 Explicitly prove that the two ways of writing A - B and A x B are equivalent.

A-B = A,B, +A,B,+ A.B.,
A-B = ||A||B| cosé.
Ax B = (A,B, — A.B))i+ (A,B, — A, B.)j + (A. B, — A, B, )k,
|Ax B| = [|A]|B] sin6.

Solution First, we show that
A-B = A,B,+A,B,+A,B, = ||A| ||B] cosé

Start with A - B = A,B, + AyB, + A.B.. Then, |A|° = A-A =A%+ A2+ A% and |B|*=B B =
B2+ B + B2
Construct C = A — B. Thus, the lengths | A||, |B]| and ||C|| form a triangle. Applying the cosine rule
yields
2 2 2
ICII” = [AI" + [BII” = 2[A[[ [ B] cos .

On the other hand, by the laws of vector arithmetic, we have
lc|)* = c-c
= (A-B)-(A-B)
= A-A-A-B-B-A+B-B
1A +(1B||* - 24 - B.

lc|®

Comparing and equating the two expressions for |C||?, we obtain A - B = || A|| || B|| cos .
Now, start with

AxB = (A,B. — A.B,)i+ (A.B, — A,B.)j + (A,B, — A, B, )k.

Taking norms and squaring,

A x B||2 = Z(Asz - Asz)2
cye
= Z(AjB? + A2B} —24,A.B,B.)
cye
= AX(B.+ B?)+ A}(B2+ B2)+ A2(B} + B)) —2) A,A.B,B.
= (A2 + A} + A2)(B+ B2+ B?) — (A2B2 + A2B2 + A’B?) —2) A,B,A.B,

cyc

= (AJ+ A} + A2)(B: + B} + B?) — (A By + AyB, + A.B.)”.

Also, note that

1AI* 1B]” sin® 6 = [|A|*|B]|* (1 — cos® 6)
lAl* 1B]* ~ (A - B)?

= (A2 + A2+ A2)(B2 + B} + B?) — (A B, + A B, + A.B.)".

Thus, we have ||A x BJ| = | A|| || B|| sin6.



Exercise 2

(i) Show that V x (V¢) = 0 when ¢(r) = 1/r.

(ii) Show that V x (V¢) = 0 in general for any ¢(z,y, z).
(iii) Show that V - (V x A) = 0 in general for any A(z,y, z).

Solution

(i) Note that

1
T, , = —
¢(z,y,2) R
We calculate
0. Do, Do,
Vo(x,y,z) = o] + 8y‘1 + 8zk
T . Y . z ~

- - - k
<$2+y2+22)3/21 ($2+y2+22>3/2J ($2+92+22)3/2

Now,
0 —z 0 —y
VxVep), = — _ =
( X ¢) oy [(x2+y2+z2)3/2} Oz {(:102+y2 +z2)3/2}
_ 3yz _ 3zy
- (xQ +y2 + Z2)5/2 (3;2 +y2 + z2)5/2
= 0.
Similarly,
0 —x 0 —
(VxV¢), = Oz {(m2+y2+22)3/2} " o {(l‘2+y2+z2)3/2} = 0.
0 —y 0 —x
v 2= o — — 0.
(V xV9) O [(xz N +22)3/2] Ay [(xz T2 _,_22)3/2]

Thus, we have V x V¢ = 0 in this instance.

(ii) We use the formula

2’6 0%
0xdy  Oydx’
Thus,
(V% Vo) = 2 (V). — (Vo) = oL
T oy = 0z v z 020y
Similarly,
82(]5 2
(VxVe), = 0r  Oxdz 0
82¢ 2 0
(Vx Vo), = T oy

Thus, we have V x V¢ = 0 in general.

(iii) We have
U A - <8Az B aAy>i+ (8141C B 8Az)j+ (8Ay B 8Aw>f{.

y 0z 0z Or x Jy
Thus,
0 [0A. 0 (0A, 0A, o [(0A, 0A,
V'(VXA)_%< y > 5y<8 3x>+3z(ﬂc 8y>
_ O%A, | 0PA,  0PAS W
- azay @/a/ 0xdz Yy Oyor
= 0.



Exercise 3 Prove the invariance of

V><E+%—B =0

for the same field configutation and charge movement as in the given example.

Solution Recall that in frame S, we have a charge ¢ with velocity v = vl experiencing fields E = Ej
and B = Bk. In the frame S’ which moves with constant velocity V' = V1 with respect to S, the

transformed quantities are v’, E’ and B’. Special Relativity demands that the coordinates transform as
follows.

where v = 1/4/1 — V2/c2. Furthermore, we state without proof that the fields transform as
E=~(E' +VDB),
B=~(B'+VE'/?).

In our given configuration, £, = E, = 0 and B, = B, = 0. Also, we are only concerned with the

variation along 1, so F, B are purely functions of z,t. Thus, all we must verify is that the following
equation is invariant.

or on _ |
ox ot
We calculate
oz’ oz’
=
ot 14 ot

w e
Thus, the differential operators transform as follows.

9 _o0d0 oo _ 9 VO
or  oror " ozor  or 2ov
o o0 oo 0 0

o orow oo aw or

We then substitute our formulae for F, B in terms of E’, B’ into the given equation, along with the
transformed differential operators.

0F 0B
ox ot

0 vV o , , 8 0 / Vo
[ Vo 7 28#] (vE +7VB)+{ o /+78t,] (VB +r5E ) =0,
V2\ OFE OFE' 0B’ V2 oB’
2 _ 27 _ 27 - 2 2 2 —
(7 K 02) o T\TrE G ) o +M3x’ +( =) +7> ot’ 0

V2\ OF' V2 oB’
2 2V” 2 2 _
<’Y 7 c2>8ﬂc’+< T —|—’y> ot 0

Using the fact thet 42(1 — V?2/c?) =1 (assuming V < ¢), we obtain the transformed equation

=0

OE' N OB’
ox’ ot

:07

as desired.



