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Problem 1

Let u be a solution of
a(z,y)u, + b(z,y)u, = —u
and of class C'! in the closed unit disk €2 in the xy-plane. Furthermore, let
a(z,y)r + b(z,y)y >0

on the boundary of 2. Prove that u vanishes identically on 2.

Solution

Note that by setting v = u? > 0, we have
a(z,y)v, + b(z,y)v, = 2uu,a + 2uu,b = —2u? = —2v.

Since v is of class C'! on ©, it must attain its maximum M > 0 at some point 2, = (), y,) € Q.
Now, if z, is in the interior of ), then we must have v,(z,) = v,(25) =0, hence
M =v(zy) = —%(avx + bv, ) (z) = 0. This forces v = 0, hence u = 0 on Q2 as desired.

This leaves the case where 2z, € 0€). Consider an initial curve along 02, and set up the char-
acteristic equations

dx dy_b dv

— =a, =b, — =—2v.
ds ds ds

Thus, v(6, s) = (0)e™25. Let 6, s, be such that (z(6y, sy), (g, $0)) = (Zg,Y) = 2o- Then,
©(0,) = v(0y, sg)e?%0 = Me?S0. Note that if M = 0, we are done. Otherwise, M > 0. Now,



at z,, the tangent (a,b) to the characteristic curve s+ (z(6,,s),y(6,,s)) points out-
wards from 2, since (a,b) - (zy,y,) > 0 there. This means that for some § > 0, the char-
acteristic curve s — (z(6, s),y(0y,s)) must lie in the interior of €2 for s € (sy — 4, s¢)-
However, along this curve, v(6,,s) = Me?*®0~%) is decreasing with s! This means that
v(0,,50 — 0/2) = Me® > M in Q, contradicting the maximality of M.

In all cases, maxg, u? =M =0, henceu =0 identically on €.

| Problem2

1. Let (r,0, ¢) be spherical coordinates in R3, i.e.

x=rsinfcos¢, y=rsinfsing, z=rcosh.

Prove that the Laplace operator A can be expressed by

A 10,0 N 1 0 /[, 0 0 n 1 0?
=—=—|r"=— ———— | sinf— —_

r2 or or r2 sin 6 06 00 r2 8in2 6 92
2. Classify homogeneous harmonic polynomials in R? by the following steps. Suppose that u

is a homogeneous harmonic polynomial of degree m in R3. Set u = r™Q,, (6, ¢) for some
function Q,,, defined on S2.

i. Prove that @),,, satisfies

0 0Q 1 0%Q
1 ——— | sinf—= T =0.
m(m +1)Qy, + sin 0 06 (sm 00 ) * sin2 @ O¢>?
ii. Prove thatif @,, is of the form f(0)g(¢), then
Qn(6,6) = (Acos(ke) + Bsin(kg))f,,  (cos 6),
where
. dm+k om
fop(w) = (1—p )ZW(l —p?)
forp e [—1,1]and k =0,1,...,m.
Solution
1. Note that
r? =z2 +y? + 22, r’sin?0=2%+9y% tan¢ =y/x.
With this,
r, = T sinfcose, r, = y_ sinfsing, r,= - cos 6.
T T r

Next, z sin?(0) + 72 sin(6) cos(6) 6, = x, hence



0 1
Teosy _ - cos 6 cos ¢.

T r2ginf r

Similarly,
ycosf 1 ) zsin @ 1 .
y=T28in9=;008981n¢, 9Z=—T2COSO=—;sm9.
Finally, sec?(¢) ¢,, = —y/z?%, hence
b = ycosng_ 1sin ¢
T 2 rsind’
Similarly,
cos? 1cos¢
= — _ —— — 0
%y x r sin 6 &
In summary,
r,, = sind cos ¢, r, = sinfsin ¢, r, = cosf
1 1
6, = —cosfcos ¢, 0, = — cosfsin ¢, f,=——sind
r r
1sin ¢ 1cos¢
—_ _ —— = O.
& rsing’ Py rsinf’ ¢
Now, recall that
ox; > Oz; 0y,
hence
ot _ o |9y; 0 _Za2yji Zayjayk 0
Oz} < Ox; | Oz, Oy, — 0z Oy, o Oz, Ox; Oy, 0y,
Thus,
2 0%y; o dy; dy, O
_ _ J i OYk
A=D 5m =2 2 9y, Za dz; y;0
% 8xz ij 83:1 y_y ijk T, OF; y] Yk
2
2.\ o oy, \ 02 dy; 0 0?
(T 2 () 2y (mow) o
7\ 0] 0y, 7 Oz; | 0Oy; o Oz; Oz, | 0y,;0y
<

In our case, first note that
r,0, + ryey +r,0,=0,06,+ 0y¢y +0,0, =07, + gbyry +¢,r, =0,

so the 2 /0r 06, 8% /00 8¢, and 82 /¢ Or terms vanish. This leaves



2.

2
A=Y )0, () 2
7 oz} ) Oy; Oz; | Oy’

1
ratrytri=1 0L+ +00=—, ¢l +¢y+el=
T

Next, note that
1
r2sin20’

which are the coefficients of 8% /9r2, 8% /062, and 92 /0¢? respectively. Thus,

(% 0] o 10 1
A= / =
Z ( 0z? ) ayj] * or? * r2 062 * r2 sin? 0 02

L v

_'Z o, 1080, 1 &
N 7 wj@yj or2 12002 r2sin?260¢?’

To determine the coefficients w;, first observe that A(z? + y? + 2%) = 6. This is also pre-
cisely Ar? = 2rw,. + 2, hence w, = 2/r. Next, observe that A(a:2 + y2) = 4, and this is
also precisely

A(r?sin? 0) = 4sin? 6 4 2r?w, sin 6 cos 6 + 2sin? 6 + 4(1 — 2sin? §)
= —2sin? 0 + 2r?w, sin @ cos O + 4,

hence w, = cos /72 sin f. Finally, observe that

A(g) B 2_y B 2sec? ¢ tan ¢

T 3 r2sin2 0

which is also precisely

2sec? ptan ¢
Atan¢ = w¢secz¢+ T 2sin?0
hence w, = 0. Putting everything together,
A_28_|_1c0508+82+182+ 1 0?
Crdr  r2sinfdl  Or2  r20602  r2sin2 6 0¢?
10,0 n 1 0 /[, 0 0 n 1 0?
=—=—|r"=— — | sinf— _
r2 or or r2sin 6 06 00 r2 8in2 6 92
Remark: We have avoided calculating the nine terms 7,.,7,,,7,,, 0,,,0,,,0,,,
¢xm7 ¢yy7 ¢zz'

i. Calculate



1i.

l3< Qau) _ 10 (ﬂﬁerm(ﬁ,qj)) = m<m+ 1),rm_2Qm’

r2 Or " or r2 or or
1 9 (. du 1 9 (. .0Q, 29 9Q,,
m&(sm%) Zmﬂme 20 ’“m) = smm(sme 20 )
1 0%u 1 0°Q,, ,, rm?0°Q,,

r2sin2 0 9¢2  r2sin26 02 " T Sin2g 0¢?

Adding everything together,

1 9 (. 0Q, 1 0°Qn,
m(m+ 1)Q,, + — —(s1n9 )+sin29 99 =0].

Ay = r™m—2

Setting this to zero, we must have

0

m(m+1)Q,, + ! —(sinQ

—_— =0.
sin 8 060

0Qm Lt Q.
00 sin? § 0¢?

Putting @,,, = f(6)g(¢) in the previous equation, we have

m(m+1)fg+ L(SiHHf')’ng fg” =0.

sin 6 sin? 6
Rearranging,
"

sin2 = — L — g2,
g

[m(m +1)f + (sinff’)"/sin 6
f

The last step equating both sides to a constant k? follows since they are independent
functions of 6 and ¢ respectively. Furthermore, g must be a periodic function of ¢, which
is possible only if the constant is positive, yielding periodic solutions

g(¢) = Acos(k¢) + Bsin(ke).
Additionally, kK must be an integer so that g is 27 periodic. Now,

2

f+ ,1 (sindf’) = 0.

sin 6

[m(m +1) - sin2 0

Putting 1 = cos 6 and h(u) = f(6), we have

df dhdp ,
—_——=s—— = —h, 9 = —h/ ]_ — 2
0" dudf (1) sin (W)V1—p?,

hence

%(sin(ﬁ)f’(é’)) = —%((1 — ) () = —[2ph/ (@) — (1 — p?)h" (w)] sin(0).

Thus, our differential equation reduces to



2

m(m—i—l)—1 ]h—Q,uh’—i—(l—;ﬂ)h”:O.

_'u2

Rewrite this as the Sturm-Liouville problem

/ k>
207 —
-+ Db+ (L= 2 = T
with h(—1) = h(1)
| Problem3
Solve the following Cauchy problem.

Uy — Uy = 0, 0<z<oo, t>0,

u(z,0) = f(z), 0 <z < oo,

ut(x,()):g(x), OS$<OO,

where f € C%[0,00) and g€ C!0,00) satisfy the compatibility conditions
f(0) = f7(0) = g(0) = 0.
Solution

Extend f and g as odd functions on R. Then, d’Alembert’s formula yields

u(e,t) = S(fo—1) + flz+0) + 5 / 7 g(s) ds.

r—t

Note that the compatibility conditions f(0) = g(0) = 0 ensure that the extended versions of
f and g are in C*(R), and the fact that f”(0) = 0 ensures that the extended version of f is in
C?(R). Thus, u as obtained above is a classical solution of the given Cauchy problem.

| Problem 4
We say that v € C? (U) is subharmonic if —Av < 0in U.

1. Prove for subharmonic v that for all B(z,r) C U,

1
<

2. Prove that therefore,

maxv = maxv.
U oU

3. Let ¢ : R — R be smooth and convex. Assume that u is harmonic and v = ¢(u). Prove that
v is subharmonic.

4. Prove that v = |Dul? is subharmonic when u is harmonic.



Solution
1. Define

"(r) = 1 Tz +rw) wdo
) = gy [ Do) wdote)
1
= (@B @.1) /33(3”,) Dv-vdo

The last step follows from Gauss’s Divergence Theorem. Now, Av > 0, hence ¢’ (r) > 0.
Furthermore, ¢(r) — v(x) as r — 0, since

e
mn v —— v < max v,
dB(z,r) o(0B(z,r)) OB(z.r) dB(z,r)

and both ming g, ) v, Maxyp(, ) v — v(x) as r — 0 by continuity. Thus, (r) > v(z) for
all 7 > 0. With this, for r such that B(z,r) C U, we have

m/mﬂ“ ,))//SM (z + tw)t" ! do(w) dt

Sn 1
/ (t) vt dt
0

T

v(z) t" 1 dt

vV
|

2. Suppose that v attains its maximum M at a point z, in the interior of U. Then, forallx € U
such that v(z) = M, we have v(z) — v(y) > 0 for all y € U, hence

1 1
0< —m(B(x,r)) /B(x’r) U(-’E> - ’U(y) dy - v('r) o m(B(a:,?“)) /B(a:,r) v<0

The last inequality follows from the previous result. This forces

1
E@ﬁ;gyé@ﬂvw»—wwdy—o

where B(x,r) C U, hence v = v(z) = M on B(z,r). Thus, we have shown that the set
v~1(M) is both open (previous argument) and closed (continuity of v) in the connected
component of U containing . Since it is non-empty (the point z, € v=*(M)), v=1(M)



must be the entirety of that connected component of U. Thus, by continuity, v must attain
M at some boundary point of U as well.

. Calculate

eSS ge) - B[ () s o)

i=1 =1 ? %

Using Au = 0 and ¢” > 0 via convexity, we have

Av = ¢ (u) Zn: (6“ )2 + ¢ (u) AT > 0,

= \0z;
whence —Awv < 0. Thus, v is subharmonic.

. Note that since u is harmonic, so are the functions u, := du/dz,. Now,

n 2 n
v=ipaf =Y (o) =3t
? =1

SO

Thus, —Awv < 0, so v is subharmonic.



Problem 5
Let u be the solution of
Au =0, in R?,

u=g, on ORY,

given by Poisson’s formula for the half-space. Assume that g is bounded and g(x) = |z| for
x € ORY, |z| < 1. Show that Du is not bounded near z = 0.

Solution
Using Poisson’s formula, write
2%./ 9(y) P
n OY
neo(n) Jog o —yl

_ 2‘,'871 g(Z) d
= 1 ) Z.
oret (| — 2|* + 22

u(x) =

Here, we denote = (x4, ..., z,,_1) and g(2) = g(24, ..., 2,_1,0). Thus, u(0) = 0, and

3(2)
u(Ae,,) = J — dz.
0 e (11 + )"

v

With this, we estimate

u(Ae,) — u(0)

2 9(z)
A nw(n)

(1l +22)"

/
/ / TU) 2 dr do
ey (2

n—2
/,S'TLQ(/ / )7"2+>\2n/2 dr do

Using the boundedness of g, let |g| < M. Note that

\/ glro /2d]<M/
1 (r2+22)"

/ / ra) 5T r"2drdo < oo.
Sn- (r2 + )\2)"/

For the remaining piece, use g = r when r < 1 to write

2

nw(n)

SO




2 1 ~ 2 1 n—1
/ / —g(ra) 27‘”_2 dr do = / / _ 5 dr do
nw(n) JgnaJy (r2 +)\2)n/ nw(n) JgnoJy (r2 + )\z)n/

~2(n—1w(n—1) ! rn—l -
— () /0 (12 + 22" dr.

Now, calculate

i ,rnfl _ /,«nfl ' 2(7«2 n )\2>n/2—1

20 <0
O (r2 4 \2)"/2 (r24+X2)" 2

. 2 L . .
when A > 0. Thus, the functions 7+ r"~1/(r? + )\Q)n/ are pointwise monotonically in-
creasing on (0, 1) as A decreases to 0. Therefore, the Monotone Convergence Theorem gives

1 n—1 1 n—1 1 d
i [ = [ = [T
2-0/, (T2+)\2)n/ o A0 (r2+)\2)n/ o T

Thus, we obtain

from which Du must be unbounded near 0.

10
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