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Problem 1

Show that every irreducible representation of a finite abelian group is 1-dimensional.

Solution :  Let 𝐺 be a finite abelian group, and let (𝜎, 𝑉 ) be an irreducible representation of 𝐺. Then
for each 𝑔 ∈ 𝐺, the map 𝜎(𝑔) ∈ GL(𝑉 ) is 𝐺-invariant; observe that for 𝑔′ ∈ 𝐺,

𝜎(𝑔)(𝜎(𝑔′)𝑣) = (𝜎(𝑔)𝜎(𝑔′))(𝑣) = 𝜎(𝑔𝑔′)(𝑣) = 𝜎(𝑔′𝑔)(𝑣) = 𝜎(𝑔′)(𝜎(𝑔)(𝑣)).

Thus, by Schur’s Lemma, each 𝜎(𝑔) must be a scalar map of the form 𝑣 ↦ 𝜆𝑔𝑣. As a result, every 1-
dimensional subspace of 𝑉  is 𝐺-stable. For 𝑉  to be irreducible, it must be the case that dim(𝑉 ) = 1.

Problem 2

Let 𝑉 ,𝑊  be vector spaces on which 𝐺 acts. Let Hom(𝑉 ,𝑊) denote the vector space of all linear maps
from 𝑉  to 𝑊 . Define an action of 𝐺 on Hom(𝑉 ,𝑊) as follows. Let 𝑔 ∈ 𝐺 and 𝑓 ∈ Hom(𝑉 ,𝑊). Then
define 𝑔𝑓 ∈ Hom(𝑉 ,𝑊) by

(𝑔𝑓)(𝑣) = 𝑔𝑓(𝑔−1𝑣).

(a) Show that this indeed defines an action of 𝐺 on Hom(𝑉 ,𝑊).
(b) Suppose now that 𝑊 = ℂ (the action of 𝐺 being trivial). Then Hom(𝑉 ,𝑊) is the dual space

𝑉 ∗ of 𝑉 . It is called the representation dual to 𝑉 . Compute the character of 𝑉 ∗ in terms of the
character of 𝑉 .

Solution :

(a) Note that (1𝑓)(𝑣) = 1𝑓(1𝑣) = 𝑓(𝑣) so 1𝑓 = 𝑓 . Next, for 𝑔1, 𝑔2 ∈ 𝐺, we have

(𝑔1(𝑔2𝑓))(𝑣) = 𝑔1((𝑔2𝑓)(𝑔−11 𝑣)) = 𝑔1(𝑔2(𝑓(𝑔−12 (𝑔−11 𝑣))))

= (𝑔1𝑔2)(𝑓((𝑔1𝑔2)
−1𝑣)) = ((𝑔1𝑔2)𝑓)(𝑣).
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(b) Let 𝜒 be the character of 𝑉 , let 𝑔 ∈ 𝐺, and let {𝑣𝑖} be a basis of 𝑉  with respect to which the
action of 𝑔 is diagonal (this is permitted since the base field is ℂ). Then, each 𝑔𝑣𝑖 = 𝜆𝑖𝑣𝑖 for some
constants {𝜆𝑖}. Observe that {𝑣∗𝑖} forms a basis of 𝑉 ∗, where each 𝑣∗𝑖  is the map determined by
𝑣𝑗 ↦ 𝛿𝑖𝑗𝑣𝑖. Then,

(𝑔𝑣∗𝑖 )(𝑣𝑗) = 𝑣∗𝑖(𝑔−1𝑣𝑗) = 𝑣∗𝑖(𝜆−1𝑖 𝑣𝑗) = 𝜆−1𝑖 𝑣∗𝑖(𝑣𝑗),

so 𝑔𝑣∗𝑖 = 𝜆−1𝑖 𝑣∗𝑖 . Thus, the matrix of 𝑔 in 𝑉 ∗ is precisely 𝜎∗(𝑔) = 𝜎(𝑔)−1, where 𝜎(𝑔) is the ma-
trix of 𝑔 in 𝑉 . Thus, tr(𝜎∗(𝑔)) = tr(𝜎(𝑔)−1) = tr(𝜎(𝑔−1)). Denoting the character of 𝑉  as 𝜒∗,
we have

𝜒∗(𝑔) = 𝜒(𝑔−1) = 𝜒(𝑔), 𝜒∗ = 𝜒.

Problem 3

We want to compute the determinant, say 𝐷, of the character table of a group 𝐺. Since its rows (char-
acters) and columns (conjugacy classes) can be written in any order, 𝐷 is only well defined upto a sign.

(a) Show that 𝐷 is either real or purely imaginary.
(b) Compute |𝐷|2 using the orthogonality relations.
(c) Use (a) and (b) to determine 𝐷 (upto a sign).

Solution :  Let 𝐴 be the matrix representing the character table, of order 𝑘 × 𝑘, and let 𝑛1,…, 𝑛𝑘 be the
sizes of the corresponding conjugacy classes.

(a) Observe that if 𝜒 is an irreducible character, so is 𝜒 via the previous exercise. Thus, for every row
in 𝐴, its complex conjugate is also present. This means that the rows of 𝐴 are just a permutation
of the rows of 𝐴, whence det(𝐴) = ±det(𝐴) = ±det(𝐴). As a result, 𝐷∓𝐷 = 0, from which
𝐷 is either real (−) or purely imaginary (+).

(b) Let 𝐵 be the diagonal matrix with 𝑛1,…, 𝑛𝑘 along the diagonal, i.e. 𝐵𝑖𝑗 = 𝛿𝑖𝑗𝑛𝑖. for each 1 ≤
𝑖, 𝑗 ≤ 𝑘. Then, compute

[𝐴𝐵𝐴†]
𝑖𝑗
= ∑
1≤𝑙,𝑚≤𝑘

𝐴𝑖𝑙𝐵𝑙𝑚𝐴
†
𝑚𝑗 = ∑

1≤𝑙,𝑚≤𝑘
𝐴𝑖𝑙𝛿𝑙𝑚𝑛𝑙𝐴𝑗𝑚 = ∑

1≤𝑙≤𝑘
𝑛𝑙𝐴𝑖𝑙𝐴𝑗𝑙 = 𝛿𝑖𝑗 |𝐺|.

The last step follows from the row orthogonality relation

1
|𝐺|

∑
𝑔∈𝐺

𝜒𝑖(𝑔)𝜒𝑗(𝑔) = 𝛿𝑖𝑗,

and the fact that characters are class functions. Thus, 𝐴𝐵𝐴† is the matrix |𝐺| 𝕀𝑘. Taking deter-
minants, 𝐷det(𝐵)𝐷 = |𝐺|𝑘; but det(𝐵) = ∏𝑖 𝑛𝑖. Thus,

|𝐷|2 =
|𝐺|𝑘

∏1≤𝑖≤𝑘 𝑛𝑖
.

(c) We may write

𝐷 = 𝑖ℓ√
|𝐺|𝑘

∏1≤𝑖≤𝑘 𝑛𝑖
.

for some ℓ ∈ {0, 1, 2, 3}.

Representation Theory of Finite Groups 2 Exercises



Problem 4

Let 𝐺1, 𝐺2 be two finite groups and let 𝜒1, 𝜒2 be two irreducible characters of 𝐺1, 𝐺2 respectively.
Let 𝑉1 (resp. 𝑉2) be a vector space on which 𝐺1 (resp. 𝐺2) acts with character 𝜒1 (resp. 𝜒2).

(a) Let 𝑉 = 𝑉1 ⊗ 𝑉2. Define an action of 𝐺1 ×𝐺2 on 𝑉  by setting

(𝑔1, 𝑔2)(𝑣1 ⊗ 𝑣2) = 𝑔1(𝑣1) ⊗ 𝑔2(𝑣2).

Let 𝜒 be the character of this representation. Show that

𝜒(𝑔1, 𝑔2) = 𝜒1(𝑔1)𝜒2(𝑔2).
(b) Show that 𝜒 is irreducible.
(c) Show that every irreducible character of 𝐺1 ×𝐺2 is obtained in this way.

Solution :

(a) Fix 𝑔1 ∈ 𝐺1, 𝑔2 ∈ 𝐺2. Let {𝑣1𝑖 } be a basis of 𝑉1, and let {𝑣2𝑗} be a basis of 𝑉2. Then, {𝑣1𝑖 ⊗ 𝑣2𝑗}
is a basis of 𝑉 . Furthermore, let {𝑣1𝑖 }, {𝑣2𝑗} have been chosen so that the actions of 𝑔1, 𝑔2 are
diagonal (this is permitted since we are working in GL(ℂ)). Thus, we may write 𝑔1𝑣1𝑖 = 𝜆1𝑖 𝑣1𝑖 ,
𝑔2𝑣2𝑗 = 𝜆2𝑗𝑣2𝑗  for constants {𝜆1𝑖 }, {𝜆2𝑗}. Thus, each

(𝑔1, 𝑔2)(𝑣1𝑖 ⊗ 𝑣2𝑗) = (𝜆1𝑖 𝑣1𝑖 ) ⊗ (𝜆2𝑗𝑣2𝑗) = 𝜆1𝑖𝜆2𝑗(𝑣1𝑖 ⊗ 𝑣2𝑗).

From this, we immediately have

𝜒(𝑔1, 𝑔2) =∑
𝑖,𝑗
𝜆1𝑖𝜆2𝑗 = (∑

𝑖
𝜆1𝑖)(∑

𝑗
𝜆2𝑗) = 𝜒1(𝑔1)𝜒2(𝑔2).

(b) Note that

∑
(𝑔1,𝑔2)∈𝐺1×𝐺2

|𝜒(𝑔1, 𝑔2)|2 = ∑
𝑔1∈𝐺1
𝑔2∈𝐺2

|𝜒1(𝑔1)|2 |𝜒2(𝑔2)|2 = ( ∑
𝑔1∈𝐺1

|𝜒1(𝑔1)|2)( ∑
𝑔2∈𝐺2

|𝜒2(𝑔2)|2),

so

|𝐺1 ×𝐺2| ⟨𝜒, 𝜒⟩ = |𝐺1| ⟨𝜒1, 𝜒1⟩ · |𝐺2| ⟨𝜒2, 𝜒2⟩ = |𝐺1| · |𝐺2|

since 𝜒1, 𝜒2 are irreducible. Thus, ⟨𝜒, 𝜒⟩ = 1, whence 𝜒 is irreducible.

(c) Let {𝜒1𝑖 } be the 𝑚 irreducible characters of 𝐺1, and let {𝜒2𝑗} be the 𝑛 irreducible characters of
𝐺2. Set 𝜒 = 𝜒1𝑖𝜒2𝑗 , 𝜒′ = 𝜒1𝑖′𝜒2𝑗′  for some 1 ≤ 𝑖, 𝑖′ ≤ 𝑚, 1 ≤ 𝑗, 𝑗′ ≤ 𝑛. Then,
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⟨𝜒, 𝜒′⟩ =
1

|𝐺1 ×𝐺2|
∑

(𝑔1,𝑔2)∈𝐺1×𝐺2

𝜒(𝑔1, 𝑔2)𝜒′(𝑔1, 𝑔2)

=
1

|𝐺1| |𝐺2|
∑
𝑔1∈𝐺1
𝑔2∈𝐺2

𝜒1𝑖 (𝑔1)𝜒2𝑗 (𝑔2)𝜒1𝑖′(𝑔1)𝜒2𝑗′(𝑔2)

=
1

|𝐺1| |𝐺2|
∑
𝑔1∈𝐺1

𝜒1𝑖 (𝑔1)𝜒1𝑖′(𝑔1) ∑
𝑔2∈𝐺2

𝜒1𝑗 (𝑔2)𝜒2𝑗′(𝑔2)

= ⟨𝜒1𝑖 , 𝜒1𝑖′⟩⟨𝜒2𝑗 , 𝜒2𝑗′⟩

= 𝛿𝑖𝑖′𝛿𝑗𝑗′ .

Thus, all 𝑚𝑛 irreducible characters obtained in this manner are orthonormal, hence distinct.
However, there are precisely 𝑚𝑛 irreducible characters of 𝐺1 ×𝐺2, since this is the number of
conjugacy classes (the conjugacy classes of 𝐺1 ×𝐺2 look like 𝐶1 ×𝐶2 where 𝐶1 is a conjugacy
class of 𝐺1, 𝐶2 is a conjugacy class of 𝐺2). Thus, all irreducible characters of 𝐺1 ×𝐺2 have
been found.

Problem 5

(a) Let 𝑁  be a normal subgroup of 𝐺. Show that every irreducible representation of 𝐺/𝑁  gives rise
to an irreducible representation of 𝐺.

(b) Let 𝐴4 be the alternating group on 4 elements. It contains a normal subgroup 𝐾 of order 4, the
Klein group. Using (a), this gives three 1-dimensional representations of 𝐴4. Show that there
exists exactly one more irreducible representation. Write down the character table of 𝐴4 (first
show that there are exactly 4 conjugacy classes in 𝐴4).

Solution :

(a) Let 𝜒 be an irreducible character of 𝐺/𝑁 , and let 𝐺/𝑁  act on a vector space 𝑉  such that its
character is 𝜒. We define an action of 𝐺 on 𝑉  as follows: for 𝑔 ∈ 𝐺 and 𝑣 ∈ 𝑉 , let

𝑔𝑣 = (𝑔𝑁)(𝑣).

This is indeed an action of 𝐺 on 𝑉 ; note that 1𝑣 = (𝑁)(𝑣) = 𝑣, and for 𝑔1, 𝑔2 ∈ 𝐺, we must have

𝑔1(𝑔2(𝑣)) = (𝑔1𝑁)((𝑔2𝑁)(𝑣)) = ((𝑔1𝑁)(𝑔2𝑁))(𝑣) = (𝑔1𝑔2𝑁)(𝑣) = (𝑔1𝑔2)(𝑣).

Thus, the corresponding character 𝜒′ of 𝐺 is given by

𝜒′(𝑔) = 𝜒(𝑔𝑁).

Furthermore, observe that
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⟨𝜒′, 𝜒′⟩ =
1
|𝐺|

∑
𝑔∈𝐺
|𝜒′(𝑔)|2

=
1

|𝐺/𝑁| |𝑁|
∑

𝑔′𝑁∈𝐺/𝑁
∑
𝑔∈𝑔′𝑁

|𝜒(𝑔𝑁)|2

=
1

|𝐺/𝑁| |𝑁|
∑

𝑔′𝑁∈𝐺/𝑁
∑
𝑔∈𝑔′𝑁

|𝜒(𝑔′𝑁)|2

=
1

|𝐺/𝑁| |𝑁|
∑

𝑔′𝑁∈𝐺/𝑁
|𝑁| · |𝜒(𝑔′𝑁)|2

= ⟨𝜒, 𝜒⟩
= 1.

Thus, 𝜒′ is an irreducible character of 𝐺.

(b) Note that the (non-trivial) cycle types in 𝐴4 are 22 and 3. The Klein group may be represented as

𝐾 = {𝑒, (12)(34), (13)(24), (14)(23)} ≔ {𝑒, 𝑎, 𝑏, 𝑐}.

Note that 𝐾 is abelian, and 𝑎𝑏 = 𝑐, 𝑏𝑐 = 𝑎, 𝑐𝑎 = 𝑏. Now,

𝐴4/𝐾 = {𝐾, (123)𝐾, (132)𝐾}.

Indeed,

𝐾 = {𝑒, (12)(34), (13)(24), (14)(23)},
(123)𝐾 = {(123), (134), (243), (142)},
(132)𝐾 = {(132), (234), (124), (143)}.

Thus, 𝐴4/𝐾 ≅ 𝐶3 = {𝑒, (123), (132)}. This is also abelian, and admits the following three ir-
reducible representations (𝜔 = 𝑒2𝜋𝑖/3).

𝜎0 : 𝐴4/𝐾 → ℂ, 𝐾 ↦ 1, (123)𝐾 ↦ 1, (132)𝐾 ↦ 1,

𝜎1 : 𝐴4/𝐾 → ℂ, 𝐾 ↦ 1, (123)𝐾 ↦ 𝜔, (132)𝐾 ↦ 𝜔2,

𝜎2 : 𝐴4/𝐾 → ℂ, 𝐾 ↦ 1, (123)𝐾 ↦ 𝜔2, (132)𝐾 ↦ 𝜔.

Using (a), these give rise to three irreducible representations of 𝐴4.

Problem 6

You are only given the character table of a group. Can you decide whether it is simple or not?

Solution :  A group is not simple if and only if there exists non-trivial 𝑔 ∈ 𝐺 and a non-trivial irreducible
character 𝜒 of 𝐺 such that 𝜒(𝑔) = 𝜒(1). The latter condition is satisfied if and only if there is a (non-
trivial) row in the character table of 𝐺 where the first value (corresponding to 𝜒(1)) is equal to some
other value in that row.

To prove this, first let 𝑔 ∈ 𝐺, 𝑔 ≠ 1 such that 𝜒(𝑔) = 𝜒(1) for some non-trivial irreducible character 𝜒.
Now, 𝜒(𝑔) is the sum of 𝑑 = 𝜒(1) roots of unity (the eigenvalues of 𝜎(𝑔)). By the triangle inequality,
this can be equal to 𝑑 = 𝜒(1) only when all these eigenvalues are 1, hence 𝜎(𝑔) = id. With this, con-
sider 𝑁 = {𝑔 ∈ 𝐺 : 𝜒(𝑔) = 𝜒(1)}. Then, 𝑁  is a normal subgroup of 𝐺; note that 𝑁 = ker(𝜎), where
𝜎 : 𝐺 → GL(𝑉 ) is a group homomorphism. Furthermore, 𝑁 ≠ {1} by the existence of 𝑔 ≠ 1 such that
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𝜒(𝑔) = 𝜒(1), and 𝑁 ≠ 𝐺 since 𝜎 is a non-trivial representation (𝜒 is a non-trivial character). Thus, 𝐺
is not simple.

Conversely, suppose that 𝐺 is not simple. Find a normal subgroup 𝑁  of 𝐺 where 𝑁 ≠ {1},𝐺. Then,
𝐺/𝑁  admits some non-trivial irreducible character 𝜒 (if not, that would imply that 𝐺/𝑁  has only one
conjugacy class, forcing 𝐺/𝑁 = {1}). Use the previous exercise to define an irreducible, non-trivial
character 𝜒′ of 𝐺 where 𝜒′(𝑔) = 𝜒(𝑔𝑁). Then, we can pick 𝑔 ∈ 𝑁 , 𝑔 ≠ 1 and have 𝜒′(𝑔) = 𝜒(𝑔𝑁) =
𝜒(𝑁) = 𝜒′(1).

Problem 7

Let 𝜒 be an irreducible character of a group 𝐺. Show that its complex conjugate 𝜒 is also an irreducible
character.

Solution :  𝜒 is the dual character of 𝜒, via Problem 2(b).

Problem 8

Let 𝑔 be an element of order 2. Show that 𝜒(𝑔) is always an integer for any character 𝜒.

Solution :  Note that 𝜎(𝑔)2 = 𝜎(𝑔2) = 𝜎(1) = id𝑉 , so the minimal polynomial of 𝜎(𝑔) is a factor of
𝑥2 − 1. As a result, the eigenvalues of 𝜎(𝑔) are in {±1}. Thus, 𝜒(𝑔) being the sum of eigenvalues of
𝜎(𝑔) must be an integer.

Problem 9

(a) Let 𝐶 be a conjugacy class and let 𝐶−1 = {𝑔−1 : 𝑔 ∈ 𝐶}. Show that 𝐶−1 is also a conjugacy
class.

(b) Show that if 𝐶 = 𝐶−1, then 𝜒(𝐶) is real for any character 𝜒.

Solution :

(a) Note that any two elements from 𝐶−1 can be written as 𝑔−11 , 𝑔−12  for conjugates 𝑔1, 𝑔2 ∈ 𝐶 . Thus,
we can find ℎ ∈ 𝐺 such that 𝑔1 = ℎ𝑔2ℎ−1, hence 𝑔−11 = ℎ𝑔−12 ℎ−1. This shows that 𝑔−11 , 𝑔−12  are
conjugate. Furthermore, fixing 𝑔 ∈ 𝐺, we have

𝐶 = {ℎ𝑔ℎ−1 : ℎ ∈ 𝐺},

so

𝐶−1 = {(ℎ𝑔ℎ−1)−1 : ℎ ∈ 𝐺} = {ℎ𝑔ℎ−1 : ℎ ∈ 𝐺}

is the set of all conjugates of 𝑔−1.

(b) Pick 𝑔 ∈ 𝐶 , whence 𝑔−1 ∈ 𝐶−1 = 𝐶 , so 𝑔−1 = ℎ𝑔ℎ−1 for some ℎ ∈ 𝐺. Thus, 𝜒(𝑔) = 𝜒(𝑔−1) =
𝜒(ℎ𝑔ℎ−1) = 𝜒(𝑔). This means that 𝜒(𝑔) must be real.

Problem 10

We want to construct the character table of 𝐴5.
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Problem 11

Consider the action of 𝑆𝑛 on ℂ𝑛, where 𝑆𝑛 acts by permuting the coordinates. We want to show that
this representation is the direct sum of the trivial representation and another irreducible representa-
tion (here 𝑛 ≥ 2).

(a) For 𝜎 ∈ 𝑆𝑛, let 𝜒(𝜎) denote the number of fixed points of 𝜎. Show that 𝜒 is the character of the
permutation representation.

(b) Let 𝑋 = {1,…, 𝑛}. Consider the action of 𝑆𝑛 on 𝑋 ×𝑋. Observe that the number of fixed
points of 𝜎 in 𝑋 ×𝑋 is 𝜒(𝜎)2. Evaluate

∑
𝜎∈𝑆𝑛

𝜒(𝜎)2

using Burnside’s Lemma.
(c) Deduce that ⟨𝜒, 𝜒⟩ = 2. Conclude.

Solution :

(a) Let {𝑒𝑖} be the standard basis of ℂ𝑛. Then, 𝜎 acts on ℂ𝑛 via 𝜎𝑒𝑖 = 𝑒𝜎(𝑖); this is equal to 𝑒𝑖
precisely when 𝜎(𝑖) = 𝑖, i.e. 𝑖 is a fixed point of 𝜎. Thus, the trace of the representation of 𝜎 is
precisely the number of such fixed points of 𝜎, which is 𝜒(𝜎).

(b) Note that 𝜎(𝑖, 𝑗) = (𝜎(𝑖), 𝜎(𝑗)); this is equal to (𝑖, 𝑗) precisely when 𝜎(𝑖) = 𝑖 and 𝜎(𝑗) = 𝑗, i.e.
𝑖, 𝑗 are both fixed points of 𝜎. The number of such tuples (𝑖, 𝑗) is precisely 𝜒(𝜎)2.

Now, Burnside’s Lemma tells us that

|(𝑋 ×𝑋)/𝑆𝑛| =
1
|𝑆𝑛|

∑
𝜎∈𝑆𝑛

|(𝑋 ×𝑋)𝜎| =
1
|𝑆𝑛|

∑
𝜎∈𝑆𝑛

𝜒(𝜎)2.

We claim that the number of orbits |(𝑋 ×𝑋)/𝑆𝑛| = 2, the orbits being the diagonal Δ =
{(𝑖, 𝑖) : 𝑖 ∈ 𝑋} and the complement Δ′ = (𝑋 ×𝑋) ∖ Δ. Indeed, 𝜎(1, 1) = (𝜎(1), 𝜎(1)) ∈ Δ
for all 𝜎, and (1𝑖)(1, 1) = (𝑖, 𝑖) for any 𝑖 ∈ 𝑋, so Δ is indeed the orbit of (1, 1). Next, given any
𝑖, 𝑗 ∈ 𝑋 with 𝑖 ≠ 𝑗, it is always possible to find a permutation 𝜎 such that 𝜎(1, 2) = (𝑖, 𝑗).

With this,

∑
𝜎∈𝑆𝑛

𝜒(𝜎)2 = 2 |𝑆𝑛| = 2𝑛!.

(c) The previous equation immediately gives ⟨𝜒, 𝜒⟩ = 2 = 12 + 12. But spanℂ{𝑒1 +…+ 𝑒𝑛} is a
trivial sub-representation of ℂ𝑛; subtracting it from 𝜒 leaves us with an irreducible representa-
tion of 𝑆𝑛.

Problem 12

Let 𝑋 be a finite set on which a finite group 𝐺 acts. Let 𝑉  be the vector space which has the elements
of 𝑋 as a basis. Note that 𝐺 acts on 𝑉  by permuting its basis. Let 𝜒 (rep. 𝟏𝐺) denote that character of
𝑉  (resp. the trivial character). Show that

∑
𝑔∈𝐺

𝜒(𝑔) = |𝐺| · 𝑚,
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where 𝑚 is the number of orbits of 𝐺 in 𝑋. Using this, show that the number of times 𝟏𝐺 occurs in
𝑉  is the same as the number of orbits of 𝐺 in 𝑋. In particular, if 𝐺 acts transitively on 𝑋, then 𝟏𝐺
occurs exactly once in 𝜒.

Solution :  By the same argument as before, 𝜒(𝑔) is precisely the number of fixed points of 𝑔 ∈ 𝐺 when
acting on 𝑋. Thus, Burnside’s Lemma immediately gives

1
|𝐺|

∑
𝑔∈𝐺

𝜒(𝑔) = |𝑋/𝐺| = 𝑚.

However, this is also precisely ⟨𝜒, 𝟏𝐺⟩, hence the number of times 𝟏𝐺 occurs in 𝜒 is the number of
orbits of 𝐺 in 𝑋, namely 𝑚.

Problem 13

Suppose now that 𝐺 acts doubly transitively on 𝑋, i.e. given elements 𝑥, 𝑦 and 𝑧, 𝑤 in 𝑋 such that
𝑥 ≠ 𝑦 and 𝑧 ≠ 𝑤, there exists 𝑔 ∈ 𝐺 such that

𝑔(𝑥) = 𝑧, 𝑔(𝑦) = 𝑤.

Note that the action of 𝐺 is transitive (why?). Thus, we can write

𝜒 = 𝟏𝐺 + 𝜃

where 𝜃 is a character in which 𝟏𝐺 does not appear. Show that 𝜃 is irreducible.

Solution :  The fact that 𝐺 acts transitively on 𝑋 can be checked by setting 𝑧 = 𝑦, 𝑤 = 𝑥 for 𝑥, 𝑦 ∈
𝑋, 𝑥 ≠ 𝑦. With this, the previous exercise gives us the representation 𝜃 which does not contain 𝟏𝐺.
Consider the action of 𝐺 on 𝑋 ×𝑋; like before, the number of fixed points of 𝑔 ∈ 𝐺 is 𝜒(𝑔)2, and
the two orbits of 𝐺 in 𝑋 ×𝑋 are the diagonal Δ = {(𝑥, 𝑥) : 𝑥 ∈ 𝑋} and Δ′ = (𝑋 ×𝑋) ∖ Δ (via the
doubly transitive property). Thus, Burnside’s Lemma gives

⟨𝜒, 𝜒⟩ =
1
|𝐺|

∑
𝑔∈𝐺

𝜒(𝑔)2 =
1
|𝐺|

∑
𝑔∈𝐺
|(𝑋 ×𝑋)𝑔| = 2 = 12 + 12.

Thus, 𝜒 is the sum of two irreducible characters each of degree 1; since 𝟏𝐺 is one of them, 𝜃 must be
the other.

Problem 14

Let 𝑁  be a normal subgroup of 𝐺 and let 𝜒 be a character of 𝑁 . If 𝜒̃ is the character of 𝐺 induced from
𝑁 , show that 𝜒̃(𝑔) = 0 if 𝑔 ≠ 𝑁 .

Solution :  Recall that

𝜒̃(𝑔) =
1
|𝑁|

∑
ℎ∈𝐺

ℎ𝑔ℎ−1∈𝑁

𝜒(ℎ𝑔ℎ−1).

It is enough to show that ℎ𝑔ℎ−1 ∉ 𝑁  for 𝑔 ∉ 𝑁 , ℎ ∈ 𝐺. Indeed, if ℎ𝑔ℎ−1 = 𝑔′ ∈ 𝑁 , then 𝑔 =
ℎ−1𝑔′ℎ ∉ 𝑁 , contradicting the normality of 𝑁  in 𝐺.
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Problem 15

For each irreducible representation of 𝑆3, find the character of the representation obtained by inducing
it to 𝑆4. Decompose the induced characters into irreducibles.

Problem 16

Induce the sign representation of 𝑆4 to 𝑆5 and decompose it into irreducibles using the character table
of 𝑆5.

Problem 17

Let 𝐷𝑛 be the group of symmetries of a regular 𝑛-gon. Note that |𝐷𝑛| = 2𝑛 and 𝐷𝑛 contains a cyclic
subgroup 𝐶𝑛 of order 𝑛, consisting of rotations in 𝐷𝑛.

(a) Let 𝜒 be a character of 𝐶𝑛. Note that since 𝐶𝑛 is abelian, 𝜒 is necessarily 1-dimensional. Suppose
that 𝜒2 ≠ 1. Show that 𝜒′ ≔ Ind𝐷𝑛

𝐶𝑛𝜒 is irreducible.
(b) Using (a), compute the character table of 𝐷𝑛.

Solution :  Use the presentation 𝐷𝑛 = ⟨𝜎, 𝜏 | 𝜎𝑛 = 𝜏2 = (𝜏𝜎)
2 = 1⟩, with 𝐶𝑛 = {1, 𝜎,…, 𝜎𝑛−1}. Ob-

serve that 𝜏𝜎 = 𝜎𝑛−1𝜏 , hence every element of 𝐷𝑛 is either of the form 𝜎𝑘 or 𝜎𝑘𝜏 .

(a) Representing 𝐷𝑛/𝐶𝑛 = {𝐶𝑛, 𝜏𝐶𝑛}, we have

𝜒′(𝑔) = ∑
𝑟∈{1,𝜏}
𝑟𝑔𝑟−1∈𝐶𝑛

𝜒(𝑟𝑔𝑟−1).

Since [𝐷𝑛 : 𝐶𝑛] = 2, 𝐶𝑛 is a normal subgroup of 𝐷𝑛. Thus, 𝜒′(𝑔) = 0 for all 𝑔 ∉ 𝐶𝑛 by Problem
14. Now for 𝑔 ∈ 𝐶𝑛, write 𝑔 = 𝜎𝑘 for some 0 ≤ 𝑘 < 𝑛, so 𝜏𝑔𝜏−1 = 𝜏𝜎𝑘𝜏 = 𝜎𝑘(𝑛−1) = 𝜎−𝑘 ∈
𝐶𝑛. Thus,

𝜒′(𝜎𝑘) = 𝜒(𝜎𝑘) + 𝜒(𝜎−𝑘) = 𝜒(𝜎𝑘) + 𝜒(𝜎𝑘).

Thus,

⟨𝜒′, 𝜒′⟩ =
1
2𝑛

∑
𝑔∈𝐷𝑛

|𝜒′(𝑔)|2 =
1
2𝑛

∑
𝑔∈𝐶𝑛

(𝜒(𝑔) + 𝜒(𝑔))
2

Now, observe that since 𝜒 is 1-dimensional, 𝜒(𝑔) must be a root of unity. Specifically, 𝜒 is com-
pletely determined by the value of 𝜒(𝜎) = 𝜉, where 𝜉 = 𝑒2𝜋𝑖ℓ/𝑛; every other 𝜒(𝜎𝑘) = 𝜉𝑘. Thus,

⟨𝜒′, 𝜒′⟩ =
1
2𝑛
∑
𝑛−1

𝑘=0
(𝜉𝑘 + 𝜉−𝑘)2 =

1
2𝑛
∑
𝑛−1

𝑘=0
[𝜉2𝑘 + 𝜉−2𝑘 + 2] =

1
𝑛
(∑
𝑛−1

𝑘=0
𝜉2𝑘)+ 1.

But 𝜉2 = 𝜒(𝜎)2 ≠ 1, hence

∑
𝑛−1

𝑘=0
𝜉2𝑘 =

𝜉2𝑛 − 1
𝜉2 − 1

= 0,

so ⟨𝜒′, 𝜒′⟩ = 1 whence 𝜒′ is irreducible.
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