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Problem statement

Find a basis of the quotient space M,(R) / Symn(R), where
Sym,(R) is the subspace of symmetric matrices.



Preliminaries

The subspace of symmetric matrices is such that for any
A € Symn(R)r
A=AT < Q= a.

It can be shown that the skew-symmetric matrices form a
subspace such that for any B € Skew,(R),



Preliminaries

Any matrix X € Mp(RR) can be written uniquely as the sum of a
symmetric and a skew-symmetric matrix.

1 1
X=X +XT) + 14 —X").

Furthermore, Sym,(R) N Skew,(R) = {0}, because if X is both
symmetric and skew-symmetric,

XT=X=-XxT = Xx=o.
Thus, we can write

Ma(R) = Syma(R) @ Skewn(R).



Basis of Skew,(R)

Let Ej; € Ma(R) be the matrix whose i, j™" element is 1, and the
remaining elements are 0. The set of 8 of all such Ej; comprises
the standard basis of M,(R). For any X € M,(R),

n o n
X = Z ZXUEU

i=1 j=1
Set
B,‘j = E,’j — Ej,‘.
Thus, Bj; is a skew-symmetric matrix with 1in the i, /" position,
and —1in the j,it" position. Let

fy:{B,-/-:1§i<j§n}.



Basis of Skew,(R)

The linear independence of ~ follows from the linear
independence of 3 = {E;}.

Z C,'jB,‘j = Z C,'jE,‘j = C,'jEj,‘ =0.

i<j i<j

Suppose B € Skewn(R). Then, b; = —bj; and b;; = 0.

n n
B=Y > bjEj=> byEj+ Z biEij + ) _ byEjj

=Si=il i<j i>]
= Z b,‘jE,'j +0+ Z bj,‘ i
i<j I<j
= Z bUEU = bUE// = Z bUBU
i<j i<j



Quotient spaces

Let V be vector space over F and let W C V be a subspace. The
quotient space V/W consists of equivalence classes [v], where
v € V and

V]=v+W={v+w: we W}

Equivalently, u € [v] ifand only ifu —v € W.
We define
Ul + [V =[u+v],  Av]=[Av].

With this, V/W is a vector space over F.



Quotient spaces

Letv € Vand wy,w; € W. Then
[v+w] =[v+ w,.

Pick u € [v +ws]. Then u = v 4+ wy + wj for some wj € W. Now,
wy + w; € W, so (wy + w)) —w, € W. This means that

U=V+W +W =V+w+ W+ W —w) € [v+w,).

The reverse inclusion follows by symmetry.

Alternatively, note that since addition in well-defined,

[v+wi] = [V] + [wi] = [v] + [0] = [v] + [wo] = [v + w].



Basis of M,(R) / Sym,(R)

We claim that the set
v ={[Bjl: Bj e~} ={[Byl: 1<i<j<n}

IS a basis of M,(R) / Symn(R).

Consider the linear combination
> ciByl = [0]
I<j
(B] = [0]

This means that the skew-symmetric matrix B € [0], i.e.
B=0+A=AforsomeA € Sym,(R). This forces B = 0, whence
cjj = 0. Thus, v is linearly independent.



Basis of M,(R) / Sym,(R)

Pick [X] € Mp(R) / Symn(R). Since X € Mp(R), write X =A+ B
where A € Sym,(R) and B € Skew,(R). Note that

Xl = [A + 8] = [B].

Now, expand B in the basis ~.
B=>_b;Bj.
i<j
Then,
XI = [B] = > _ by[Bjl.

i<j



Thus, 4/ is linearly independent and spans M,(R) / Sym,(R).
This proves that ' is a basis of M,(R) / Symn(R).

Moreover, v and 4/ contain 1+2+---+(n—1) =n(n —1)/2
elements, so

dim Skewn(R) = dim My (R) / Symn(R) = %n(n ).
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Appendix

Fora linear map T: V — W, the map
T V/kerT —imT, [v] = T(v)

is a linear isomorphism. By setting

T: Ma(R) > Mp(R), X %(X - X",

note that ker T = Sym,(R) and im T = Skew,(R).

If T(X) = B € Skew,(R), then X = [B]. Since a linear
isomorphism sends a basis to a basis, and the inverse of a
linear isomorphism is a linear isomorphism, the set

T () =~ is a basis of M,(R) / Sym,(R).

n



