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Show that a matrix A is of rank 1 if and only if A = xy> for some non-zero column vectors x and y.

Solution We notate the components of A ∈ Mm×n(F ), x ∈ Fm and y ∈ Fn as follows.

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 , x =


x1

x2

...
xm

 , y =


y1
y2
...
yn

 .

Recall that the rank of A is the dimension of the column space of A.

Suppose that A = xy> for some non-zero column vectors x ∈ Fm and y ∈ Fn. We write out the product
as

A = xy> =


x1

x2

...
xm

 [
y1 y2 · · · yn

]

=


x1y1 x1y2 · · · x1yn
x2y1 x2y2 · · · x2yn

...
...

. . .
...

xmy1 xmy2 · · · xmyn


=

[
y1x y2x · · · ynx

]
.

The column space of A is the span of the columns of A, so for any element v in the column space of A,
we can write

v = λ1y1x+ λ2y2x+ · · ·+ λnynx = λx,

for suitable scalars λi ∈ F . Here, λ =
∑

λiyi ∈ F . Thus, the column space is spanned by the single-
ton set {x}. Moreover, x,y 6= 0 so there is come non-zero component of y, say yj 6= 0. Hence, the
corresponding column yjx of A is also non-zero. Thus, the column space contains non-zero elements;
specifically, it contains (yjx)/yj = x. Thus, the singleton set {x} is linearly independent and spans the
column space of A, i.e. is a basis of the column space. This means that rankA = 1.

Suppose that rankA = 1. This means that its column space has dimension 1, i.e. is spanned by a
singleton set. Choose a basis {x} of the column space, where x ∈ Fm is non-zero. Because every column
of A is in the span of this set, we can write the ith column of A as the linear combination λix, for suitable
scalars λi ∈ F . Hence,

A =
[
λ1x λ2x · · · λnx

]
.

Note that all λi ∈ F cannot be zero; if this were the case, then A would be the zero matrix, with
rankA = 0. Set y ∈ Fn as the column vector

y =


λ1

λ2

...
λn

 .

Observe that y 6= 0. With this choice of column vectors x and y, we have A = xy>. This completes
the proof.
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