Term presentation
Problem 4

Satvik Saha, 19MS154
November 28, 2020

MA2102: Linear Algebra |
Indian Institute of Science Education and Research, Kolkata



Problem statement

Show that a matrix A is of rank 1if and only if A = xy " for some
non-zero column vectors x and y.

an Qi -+ Qi X1 1
a1 Qxp -+ Qon X2 Y2

Amt dm2 -+ dmn Xm Yn



Preliminaries

The column rank of a matrix A is equal to the dimension of the
column space of A.

The row rank of a matrix A is equal to the dimension of the row
space of A.

The column rank and row rank of any matrix A € My« (F) are
equal.

The rank of A is equal to the column rank of A.



IfA=xy", then rankA =1

X1
X2
A=xy" = : [)/1 Yo oo )/n}
Xm
Xtyhr Xy oo XaYn
B Xoyhr XoY2 oo XoVn
XmY1 XmY2 -+ XmVYn

= X VX .- )/nX].



IfA=xy", then rankA =1

The column space of A consists of all finite linear combinations
of the columns of A.

For any element v in the column space of A, we can write
V=MV"X+ XVoX+ -+ ApVnX = AX.

The column vector x spans the column space of A.
Furthermore, there is some y;x # 0 in the column space of A.

rankA <1 <rankA = rankA ="1.



If rankA =1,then A =xy"

The column space of A admits a singleton basis. Set x equal to
this element.

A= /\1X /\2X )\nX.
Set
M
A2
y=1.
An

With this choice of column vectors x and y, we have A =xy .



