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Let V and W be vector spaces over the same field F. Show that the set £(V, W), consisting of linear
maps from V to W, is a vector space. If V and W are finite dimensional, then find the dimension of
LV, ).

Solution Recall that a vector space V over a field F is a set equipped with a binary operation +: V' x
V — F' called addition, and an operation -: F' X V — V called scalar multiplication, such that

1. u+v eV, foral u,veV.

2. MueV, forallueV, AeF.

u+v=v+u,forall u,veV.
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(u+v)+w=u+ (v+w), for all u,v,w € V.
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There exists 0 € V such that 0+ v =wv forallv e V.

For all v € V, there exists u € V such that v + u = 0. We denote u = —v.
AMu+v) = u+ I, forallu,v eV, A€ F.

(A)v = A(pw) forallv e V, A\, u e F.
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A+pv= +puv, foralveV, A\, ueF.
10. There exists 1 € F such that lv =v forallv e V.

Let T,T1,T5: V — W be linear maps and let A\ € F. We define addition and scalar multiplication on
L(V,W) as follows.

(T1 + Tz2)(v)
(AT)(v)

Ty (v) + T (v) forallv € V,
AT (v) forallv e V.

With this, we verify the enumerated axioms one by one.

1. Since T} and T» are linear maps in L(V, W), for all w,v € V and p € F,

(T1 + T2)(u + pv) = Ty (u + po) + To(u + po)
=T1(u) + pT1(v) + To(u) + pT3(v)
= (Th + T2)(u) + (11 + T2) (v).

Thus, T} + 15 is a linear map in L(V, W).
2. Again, since T is a linear map in L(V, W), for all u,v € V and A\, u € F,

AT) (w4 pv) = AT (u + pv)
= AT (u) + AuT'(v))
— (\T)(w) + p(\T) (v).

Thus, AT is a linear map in L(V, W).
3. For all v € V| note that the commutativity of addition in W gives
(T1 + T2)(v) = T1i(v) 4+ To(v) = Tz (v) + T1(v) = (T2 + T1)(v).

Thus, Tl + T2 = T2 + Tl.



4. For all v € V, the associativity of addition in W gives

(Th + To) + T3)(v) = T1(v) + (T2 + T3)(v) = T1(v) + T2(v) + T3(v),
(T1 + (Tg —+ Tg))(’v) = (T1 + TQ)(’U) + Tg(’U) = Tl(’l)) + Tg(’v) + Tg(’v).

Thus, (T1 +Ts) + T3 = T1 + (To + T3).
5. Define the linear map Oz: V — W, v — Oy . For any T € L(V, W), for all v € V.
(0 +T)(v) = 0c(v) + T(v) = Ow + T(v) = T'(v).
Thus, 0z + 7T = T.
6. Define T": V — W, v — —T(v). Then for all v € V,
(T+T)(v)=Tw)+T'(v) =T(v) —T(v) =0y = 0g(v).
Thus, T+ T’ = 0.
7. For \p e F,forallv eV,

ATy + T2))(v) = ATt + T2)(v)
= ANT1(v) + T2(v))
= )\Tl (’U) + )\TQ(’U)
= (AT1)(v) + (AT32)(v)
— Ty + ATh)(v).

Thus, A(T1 + To) = AT + \Ts.
8. For \,pe F, forallveV,

Thus, (A + )T = AT + uT.
9. For \,pe F, forallv eV,

Thus, (Au)T = A(uT).
10. Pick the scalar 1 € F which satisfies 1w = w for all w € W. Then for all v € V,
(1T)(v) = UT(v)) = T(v),
so1T =T.

This verifies that £(V, W) is a vector space.

When V and W are finite-dimensional, say with dimensions n and m respectively, we claim that the
dimension of £(V,W) is mn. To prove this, let 8 = {v1,...,v,} be an ordered basis of V and let
v ={wi,...,wy} be an ordered basis of W. Define the linear maps

TZ-]-:V—H/V, 'Uk'_>5ikwj7



foralli=1,...,nand j =1,...,m. We will show that the set of all such T;; (of which there are mn)
comprises a basis of L(V,WW). Note that Tj; has only been defined on the basis vectors v, € 5. To
uniquely define T;; on V/, pick arbitrary v € V' and expand it in the basis 8 as v = Ajv1 + - + Av,.
Note that the choice of scalars \; € F' is unique, since (3 is a basis. We now write.

T; (’U) = Tij(/\lvl —+ -+ /\nvn) = )\iwj.

To verify that this map is indeed linear, pick some v = pjv; + -+ + ppv, € V. Note that u + v =
(1 + A1)vr + ... (b + A )Vn, SO

Tij(u+v) = (ks + Xi)w; = piw; + \w; = Tij(u) + T (v).
Also, note that cv = chjvy + -+ + ch,v, for all ¢ € F, so
T;j(cv) = (ch)w; = c(\w;) = T (v).
Thus, all T;; are indeed linear maps in L(V, W).

We first show that the set of T;; spans L(V,W). Suppose T: V' — W is a linear map in L(V,W). For
each of the basis vectors v; € 3, there exist unique scalars a;; € F' such that

T(vi) = ajwi + aipwa + - -+ + Qi Wy,

This is true because v is a basis of W. Pick any v € V' and write v = \jv; + - -- + A\pv,. Then,

n n n m

T(’U) = Z AZT('UZ) = Z Z /\iaij'wj = Z ZaijTij(v).

i=1 i=1 j=1 i=1 j=1

This means that .
T =22 aly
i=1 j=1

Hence, T is in the span of the set of T;; for arbitrary T € L(V, W).

We now show that the set of T;; are linearly independent. Consider the linear combination

n m
> Ty =0c.
i=1 j=1

By successively evaluating this map on vy € 5 for k =1,...,n, we see that
n m n m m
22 eiTy(wn) = 3 Y eduw; = ) cxjw; = 0.
i=1 j=1 i=1j=1 j=1
The linear independence of v = {wy, ..., wy,} forces c;; = 0. Hence, all the coefficients in the linear

combination of T;; are zero, so they are linearly independent.

This proves that the set {T};: 7,7 € N,1 < ¢ <n,1 <j <m}is a basis of L(V,W). This set contains
mn elements, hence dim L(V,W) =mn =dimV - dim W.



