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Problem statement

A square, n x n real matrix A is such that AAT is diagonal, with
each diagonal entry non-zero. Show that the rows of A are
orthogonal. Is it true that the columns are orthogonal?
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The rows of A are the row vectors v; € R".
The columns of A are the column vectors w; € R".



Preliminaries

The standard inner product for row vectors in R" is defined as
(,):R"xR" - R, x,y)=xy".
In other words,

n
X y) =YX
=

Note that
X, X) =X+ X3+ +x2.

Thus, (x, x) = 0 if and only if x = 0.



Preliminaries

Two vectors x and y in an inner product space are called
orthogonal if (x, y) = 0.

The matrix product can be concisely expressed in terms of the

inner product. Let P € Mpyxn(R) and Q € M, ((R). Then, the
i, /! element of the product PQ is given by

n
[PQl; = > pirdr = pig; = (pi, q]").
k=1

Note that p; € R" is the i*" row of P, and g; € R" is the j
column of Q.



Let AAT = D(\, Ay, ..., Ap) for non-zero \; € R. Thus, the i, ;1
element of the product AAT is given by

[AAT];; = \idj.
If the row vectors vq,...,v, € R" are the rows of A, then the
column vectors v/, ...,v, € R" are the columns of AT.

[AAT]; = vivT = (v;, v).

Thus, (v;, v;) = 0 precisely when i # j. This proves that the rows
Vi,...,V, Of A are orthogonal.



Are the columns of A orthogonal?
No. We supply the following counterexample for n = 2.
a= |t
2 2

Note that the rows are orthogonal because

1T -1 1T 2 2 0

AAT = =

2 2 -1 2 0 8

However, the inner product of the two columns is

N
E][j]:1en+xa:3¢o

Note that the inner product for two column vectors x,y € R" is
defined as x"y.



