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Problem 1 Determine the first three terms of each fundamental solution of the ODE

"

y' —wxy = 0,

by assuming a power series expansion around the point xy = 2.

Solution Note that zg = 2 is a regular point.
We propose a solution of the form
o0
= Z an(x — 2)
n=0

Hence, . o
= Z na,(x —2)" 4 y'(z) = Z n(n —1a,(z —2)" 2
Plugging this into the ODE:1 "
in(n—l)an(:ﬂ—2 —xZanx—2 = 0.
n=2
After some manipulation,
i (n—Dap(xz—2)"" —(m—2+2)ian(x—2)":0,
n=2 n=0
i (n—Dap(z—2)" Zanxf 2)n+t ZZanfo = 0.
Shifting indices,n_2
i(n+2)(n+1)an+2x—2 Zan 1(x—=2)" —QZCLnI—Q = 0.
n=0

2ay — 2a9 + Z [(n+2)(n+1Dante — an—1 — 2a,] (x —2)" = 0.
n=1

Setting coefficients to zero, we have

2a9 — 2a9 = 0 n =
(n+2)(n+ Dapta — ap—1 —2a, = 0 n=123,...
Thus,
ag = as n=20
6a3 = a0+2a1
12(14 = a1—|—2a2 n=2
Thus

y(z) = ag + ar1(x —2) + 0,2(1'72)2 + ag(x72)3 + a4(172)4

= wra@=2 +a@-2+ (F+5)@-2"+ (G+3) @-2' + ...
1
3

6

6
= ap 1—|—(m—2)2—|—1x—2)3+(15(a:—2)4+..l+a1 [(33—2)—&—

5



Hence, our fundamental solutions are

1
1+ (-2 + 6(90—2)3 + ...

y1(2)

ya(x) = (2 —2) + %(as—2)3 + %(m—2)4+

Problem 2 Solve the indicial equation, assuming a power series expansion near the regular singulat
point xg = 0, obtained from the ODE

)

2,1 2

— ]y = 0.
Ty +(x +36)y

Find the first three terms for the power series expansion of the fundamental solution corresponding to
the largest root of the indicial equation.

Solution We note that the limit

is finite.
We propose a solution of the form

oo
y(z) = " Zanx”.
n=0

Hence,
y'(z) = Z(n +r)ane" y' () = Z(n +7r)(n+7r—Da,z"" 2,
n=0 n=0

Plugging this into our equation, we have

oo oo 5 oo
-1 n+r n+r+2 - n+r _ 0.
T;(n+r)(n+r Yan + ;anft + SG;anx

Shifting indices and rearranging,

0o 0o 5 0o
_ 1 n n+r i n—+r - n n—+r — 0
ngo(n—&-r)(n-i-r Janx + T;a 2T + 36nzzoa T

T n+r
|:’I’(’I’ — 1)a0 + (’I’ + 1)7“@1{17 + —36a0 + 36a1$:| xr + E [(n + ’f’)(’I’L +r— 1)(ln + an_2 + —36an X = 0.

n=2

Our indicial equation thus is

5
r(r—1) + 36
This has roots
5 1
T = — r_ = -
T 6 6

We choose r = ;. = 5/6. Setting coefficients to zero, we have the relations

99a1 + da1 = 0,
(6n +5)(6n — Da, + 36a,_2 + ba, = 0, n> 2.

Hence,

55a1 +5a1 = 0 = a3 = 0

3
187as + 36ag + bas = 0 = ay = an
391asz + 36a; +5a3 = 0 = a3 = 0

3 9
667a4 + 36as +5a4 = 0 = a4 = %ag = %QO



More generally, a,, = 3a,_2/(3n? + 2n) for all n > 2, so all odd terms vanish.
Hence, the corresponding solution is

y(z) = 2" (ag + a1z + agx® + agz® + agx® +...)

3 9
— a0 (1— 2?4 D at ).
o ( 167 Troe” T )

The fundamental solution is thus

yr(z) = x5/6 (13x2+9z4+...).



