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Section 2.5 (Distance Preserving Maps)

Problem 1. Construct a rotation Dy 4 which maps (1,2) and (4, 6) respectively onto (5,2) and (8, —2)
respectively.

Solution 1. Let the points P = (1,2) and @ = (4,6) be mapped to P’ = (5,2) and Q' = (8,-2)
respectively. Consider the vector u = PQ = (3,4) in R?. Under the isometry D, 4, this gets transformed
into the vector v = P'Q" = (3, —4). The angle by which u rotates into v must be precisely the angle ¢.
Thus, ¢ = —2arccos(3/5).

Let = (21, x2) be the center of rotation. Thus, we must have equal distances Px = P’z and Qz = Q'z.

The first forces 1 = 3. Thus, from the second condition, we must have (4 — 3)% + (6 — x2)? =

(8 —3)% + (=2 — x3)?, which rearranges to (6 — z2)? — (=2 — x2)? = 24. Using the difference of squares,
(4 — 225)(8) = 24, thus zo = 1. Hence, z = (3,1).

Thus, the required isometry is D(3,1/2),—2 arccos(3/5)-
Problem 2.
(i) Give the coordinate representation of Dy ) x/6-

(ii) Give the coordinate representation of the reflection in the line Ly o _;.

(iii) Find an x so that D39y 9 = Dg o T}, where 0 is such that cosf = 3/5 and sinf = 4/5.

Solution 2.

szr: R2 — ]RQa (51352) = (61 - 1; 52 - 6)a

(i) Note that D, 4 = T, 0 Dy o T_,. Setting z = (1,6) and ¢ = 7/6, we thus construct the following
V3 1 1
S (& =1 =5(&-6), & -1+

maps. Note that cos ¢ = /3/2 and sing = 1/2.
9 (52 - 6)> y
V3 1

2(&1)2(526>+1,;<511>+?<£26>+6>.
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DyoT_,:R? 5 R? (&,&) — (
TIOD¢OT—I:R2*>]R27 (51752)H (
Thus, the desired isometry is

L Lot LB VE), S+ D6+ (11— 6vE)

Dyg:R* =R (&,&) — (ﬁ V3 ) )

(if) The given line L = L; 5, _; is described by
§1+26 -1 = 0.

Its perpendicular distance from the origin is simply d = 1/v/12 +22 = 1/4/5, along the vector
n = (1,2)/v/12 + 22 = (1/4/5,2/v/5). Thus, the reflection of the origin lies at 2dn = (2/5,4/5).



(iii)

Now, note that the desired reflection is an isometry, and hence is a mapping of the form
Rp:R?2 = R (&,&) = (a1&1 + bi&s + c1, agéy + baés + c3).

We have already established that R (0,0) = (2/5,4/5), hence ¢; = 2/5 and ¢o = 4/5. Now, we
simply choose two other points on the line L, say (0,1/2) and (1,0), which must be fixed points
under the reflection. Thus, b1/2 4 2/5 =0, b2/2+4/5 =1/2, a1 +2/5 =1 and as +4/5 = 0.
Hence, we obtain

3 4 2 4 3 4
. 2 2 P _ = 2 _Ze 2 il
Ry :R* =R, (&,8) — (551 552-1-5, 551 552+5>.

The given isometry is Dy o T,. Since this is to be equivalent to D(3 )¢, this isometry must have
the fixed point (3,2), the center of rotation. Thus, (Dg o T;,)(3,2) = (3,2). Applying D_y on both
sides and using D_g o Dy = Id, we have

3 4 4 3 17 6 2 16

By comparison with T;(3,2) = (3 4+ 21,2 + x2), we must have z = (2/5, —16/5).

Note that we have used D_g(&1,&2) = (£1 cosf + Easinf, —&; sin @ + &5 cosb).

Problem 3. Determine the geometric forms of the mappings

(i)
(i)

(&1,8) = (S& + 126 -1, 86 — 26 +3).

(&,&)—~ (26 +26-10,-26 4+ 36 - 1),

Solution 3.

(i)

(i)

8/17 15/17
15/17 —8/17
reflection. Thus, the given mapping is a glide reflection. Note that the determinant of the matrix
is —1.

The transformation matrix of the given mapping is { }, which clearly represents a

3/5 4/5
—4/5 3/5
tion by the angle # = — arccos % The point about which the rotation takes place is the fixed point
of the isometry, i.e. we solve

The transformation matrix of the given mapping is [ } , which clearly represents a rota-

3 4
351 + 352 -10 = &
4 3

*551 +g§2 - 1=&

This yields zp = (—6,19/2). Thus, the given mapping is the (clockwise) rotation D,, g. Note that
the determinant of the matrix is +1.

Problem 4. Show that if ABC and PQR are triangles in R? such that |AB| = |PQ|, |BC| = |QR| and
|CA| = |RP|, then there is an isometry f on the plane which maps A, B, C onto P, @, R respectively.
When is such an f unique?

Solution 4. We show the existence of f by construction. Let v = AP be the vector stretching from
A to P. Thus, applying the isometry T, maps the points (4, B,C) to (P, By,C1). Now, the isometry
preserves distances, so |PB;| = |AB| = |PQ|. This means that By and @ lie on the same circle centred
at P, with radius |AB|. Hence, there exists an angle § between PB; and PQ such that the rotation
Dpp maps the points (P, By,C1) to (P,Q,C5). Again, note that |PCy| = |PC1| = |AC| = |PR|, and
|QCs| = |B1C1| = |BC| = |QR|. Hence, C5 lies on the intersection of the circles centred at P and Q with
radii |PR| and |QR)| respectively. These circles must intersect, since we know that the point R exists. If
these circles intersect once, this forces C'; = R and we are done. Otherwise, the circles intersect twice.



Either Co = R, or Cs and R are reflections of each other in the line L containing the segment PQ. Hence,
the application of a final reflection Ry, maps (P, Q,Cs) to (P, @, R). Since the composition of isometries
is also an isometry, we have f = R 0oDpgoT, (or f = DpgoT, if C; = R) which is the isometry we seek.

Note that if A, B, and C are collinear, then so are P, Q and R. In this case, the isometry f’ = Ry o f is
a different isometry which also has the desired properties, since P, @, R all lie on the line L and hence
are fixed points of Ry.

Otherwise, let fi and fo be two isometries which map (4, B,C, X) to (P,Q, R, X;) and (P,Q, R, X5)
respectively, where X is an arbitrary point in R?. Clearly, if X is one of A, B or C, we must have
X1 = X,. If not, note that we must have |[AX| = |PX;| = |PXs|, |BX| = |QX1] = |QX2| and
|CX| = |RX1| = |RX2|, so P, Q and R are all equidistant from X; and X,. If X; # Xs, this forces
P, @, R to lie on the same line (the locus of points equidistant from two points is a line), which is a
contradiction. Hence, X; = X5 for all X € R%. This means that we must have f; = f5.

Thus, the isometry between (A, B,C) and (P, @, R) is unique iff A, B and C are noncollinear.

( Let P = (p1,p2) and Q = (q1,q2) be two different points in R%. If X = (w1, x2) is to be equidistant from
P and Q, then (p1—x1)?+(pa—x2)? = (q1—21)*+(q2—23). Rearranging, v3+x3—2p121—2p2xo+pi+p3 =
2] 423 — 2121 — 2q222 + ¢ + G5, e 2(q1 — p1)x1 + 2(q2 — p2)r2 = ¢f — P + ¢G5 — p3. Since py # q1 or
g2 # q1, this is the equation of a line. )

Section 2.6 (Conic Sections)

Problem 1. Describe the geometric form of the following curves.
(i) € + 66160 + 93 + 561 + 26, + 11 = 0.

(if) 467 +4€162 — 1061 + 862 + 15 = 0.

(il) & +&& + & =3

(iv) 5EF +6&1&2 + 5E3 — 256 = 0.

(v) & —26&+ &2 =09.

Solution 1.

(i) We have

Q: (€1,69) = E2 466160 + 92+ 56, + 26 +11 = (f(x)|x) +2(b|x) + 11

The matrix of the quadratic part is A = F 3} whose eigenvalues satisfy (A—1)(A—9) = 9. Thus,

3 9|’

the only non-zero eigenvalue is A = 10, whose corresponding eigenvector x1 = (z11,x12) satisfies
(w11 + 312,311 + 9212) = (10211, 10215). We choose z; = (1,3)/v/12 + 32 = (1/1/10,3/4/10).
The vector orthogonal to z; is given by xa = Dy /5(z1) = (—3/v/10,1/4/10). Thus, changing basis
to x1, T2, we have

1
1+ 1mx2) = M+ —(5-1—-3-2)m + —5.342 - 1)y + 11
Q(mz1 + n222) uh \/E( )m ( )12

1

v 10

+ 1 13 + 11
510771 Tonz

11 \? 13 4279+/10
= 10 (771+ ) - <772— \/7>

10n%

20/10 V10 5200

Thus, the given curve is the parabola

13
V10

This is also apparent upon noting that det(A) = 0, which indicates one zero eigenvalue.

1067 — —=C¢ = 0



(ii) We have
Q: (&1,8) — 467 + 4616 — 106 + 86 +15=0 = (f(z)|x) +2(b|x) + 11.

;L (ﬂ, whose eigenvalues satisfy (A — 4)\ = 4. Thus,

we have the eigenvalues A; o =2 =+ 21/2. The first eigenvector thus satisfies 2217 = (2 + 2v/2)z10,
so we choose 21 = (14+v2,1)/1/(1+Vv2)2+12 = (14 Vv2,1)/V4+2V2 and 25 = D, js(z1) =
(=1,1+4 v/2)/v/4 + 2v/2. Thus, changing basis to 21, x>, we have

The matrix of the quadratic part is A = [

Q(mar +m2x2) = M + Aot + zuiwi(_lo (14 V2) +8)m + \/ﬁ(lo 1+ 8(1+V2))m + 15
@42V + 22V + 10\[\2}% E8V2m g
_ B 1+ 5\@ ? B _ 9+ 4\/5 2
_(2f2+2)<m (2+M§)\/m> (2v/2 2)(n2+(2_\/§) 4+ﬁ>
(1+5v2) (9 + 4/2)?

T R aE) | 2o 2vERd s 2vY)

Thus, the given curve is the hyperbola
(2V2+2)¢F — (2V2-2)¢2 +k = 0,

for non-zero k. This is also apparent upon noting that det(A) < 0, which indicates eigenvalues of

opposing sign.
(iii) We have

Q: (€1,6) » G +&&+6 -3 = (fx)]2) =3
1 1/2

172 1
we have the eigenvalues \y = 1/2 and Ay = 3/2. The first eigenvector x; satisfies x11 + x12/2 =
(1/2)z11, so we choose z1 = (1,1)/v2 and o = D, j5(21) = (—1,1)/v/2. Thus, changing basis to
1, X9, we have

The matrix of the quadratic part is A = { } , whose eigenvalues satisfy (A—1)? = 1/4. Thus,

Q(mm1 +maexa) = Ainf + Aams — 3
1 3
= 577% + 5’75 -3
Thus, the given curve is the ellipse
1 3
W laoseo
This is also apparent upon noting that det(A) > 0, which indicates eigenvalues of the same sign.

(iv) We have

Q: (&1,&) = BET + 6618 + 565 — 256 = (f(x)|x) — 256.
5 3
3 5|’
have the eigenvalues Ay = 2 and Ay = 8. The first eigenvector x; satisfies bx11 + 3x12 = 2211, so
we choose 1 = (1,—1)/v/2 and x5 = Drja(z1) = (1, 1)/v/2. Thus, changing basis to 1, o, we
have

The matrix of the quadratic part is A = [ whose eigenvalues satisfy (A —5)2 = 9. Thus, we

Q(maz1 +1m2x2) = Aini + Aams — 256
20} + 8n2 — 256

Thus, the given curve is the ellipse
207 + 8¢2 — 256 = 0.

This is also apparent upon noting that det(A) > 0, which indicates eigenvalues of the same sign.



(v) Note that the given curve is of the form
(& —&)* =32 = 0.
Using the difference of squares and separating factors, we obtain the pair of parallel straight lines

§&1—&+3 =0,
& —&6&—-3=0.

Note that the transformation matrix of the quadratic has a determinant of zero. Thus, these
parallel straight lines may be interpreted as a degenerate parabola.

Problem Set 6.1 (Introduction to Eigenvalues)

Problem 6. Find the eigenvalues of A, B, AB and BA.

10 12 12 3 2
St Rl O E el Bl i

(i) Are the eigenvalues of AB equal to the eigenvalues of A times the eigenvalues of B?

(ii) Are the eigenvalues of AB equal to the eigenvalues of BA?

d

Solution 6. The eigenvalues of a 2 X 2 matrix [(Cl b} are simply roots of the characteristic polynomial

f(t) = (a—t)(d—1t) —bc=1t*— (a+d)t + (ad — be).

Thus, we calculate

falt) = 2 =2t+1=0, Ag =1
fe(t) = t* =2t +1=0, g = 1.
fap(t) = > —4t+1=0, A =2+ V3.
fea(t) = t2 —4t+1=0, Apa=2+3.

(i) Note that the eigenvalues of AB are not the product of eigenvalues of A and B.

(ii) The eigenvalues of AB in this particular case are indeed the eigenvalues of BA. However, they do
not share the same corresponding eigenvectors (this is obvious when solving (AB)v = (BA)v = Av,
which forces v = 0).

Problem 14. Solve det(Q — AI) = 0 by the quadratic formula to reach A = cosf £ isin 6.

Q= [cos@ —sinﬁ]

sinf)  cos®

Note that @ rotates the xy plane by the angle 6, with no real \’s. Find the eigenvectors of () by solving
(@ — Xz =0.

Solution 14. Using the identity sin® 6 4+ cos? § = 1, we have
1
f(t) = t* — (2cos )t + (cos? @ +sin® §) = 0, Ay = 5(200&9 + V4cos?0 —4) = cosf +isind.

Clearly, the eigenvalues A1 are not real (except when § = nm, which corresponds either to a half turn,
or the identity).

To solve for the eigenvectors,

_ |Ftsinf —sinf| . Fi 1
@Al = | g :FisinQ} _bme{l :m]



Thus, for eigenvalue Ay = cosf + isinb,

(Q— X vy =0,  sind {_12 1} {v“} =0, Vi1 = vga.

For eigenvalue A_ = cosf — isin6,

(Q@—XA_Dv_ =0, sin 0 [i ﬂ [5_1] =0, Vo1 = —iv_g.

Thus, we choose

Problem 17. The sum of the diagonal entries (the trace) equals the sum of the eigenvalues.

A= [CCL Z] has det(A — M) = \? — (a + d)\ + (ad — bc) = 0.

Using the quadratic formula, find the eigenvalues. Find their sum. If A\; = 3 and Ay = 4, find det(A—\I).

Solution 17. Using the quadratic formula, we write the roots of the given characteristic polynomial
as follows.

[t

Ao = o (@t d) aT P —d(ad b)) = %((a—i—d)i (a— ) + dbc)

Their sum Ay + A_ = a + d = trace(A).
If Ay = 3 and Ay = 4, then note that these are roots of det(A — AI). Thus,

det(A—XI) = A=3)(A—4) = N2 —7A+12.

Problem 25. Suppose A and B have the same eigenvalues \i,..., A, with the same independent
eigenvectors z1, ..., x,. Then, show that A = B.

Solution 25. Note that since A and B have n eigenvalues and independent eigenvectors, we must have
dim(A) = dim(B) = n. Also note that since all eigenvectors v; € V are independent, they comprise a
basis of the n dimensional vector space V. Let © € V' be arbitrary. Thus, « has a unique representation
in the basis {v1,...,v,}. For scalars cy,..., ¢y,

r=cvL+-+cpo,.
Now, we compute the products

Arx = A(cqvr + -+ cpvn) = c1(Avy) + -+ cn(Avy) = i v + - + e A\pop.
Bx = B(civ1 + -+ cpvn) = c1(Bvr) + -+ cu(Boy) = cadvr + - + cp A .

We use the fact that Av; = \;v; = Bv;. Thus, Az = Bz for all x € V. Hence, we must have A = B.

Specifically, we let x; be such that its i*" coordinate is 1 and all other entries are 0. Then Az; = A; and
Bz; = B;, where A; and B; are the i*® columns of A and B. Thus, since Az; = Bx; foralli=1,...,n,
we see that A and B are equal column by column. Hence, A = B.



