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Solution 1. Let € > 0. Since g is Riemann integrable on [a,b], we find §p € R such that for all tagged
partitions P of [a,b] such that || P|| < dp, we have
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Let Q be a tagged partition on [a,b]. Note that since f(z) — g(z) = 0 everywhere except at z = ¢, and
c is a tag of at most 2 intervals,

S(£,Q) = S(9:Q) < 2/f(c) — g(e)[l|Q]-

Thus, setting § = min{dy, €/(4|f(c) — g(c)| +4)}, for all partitions such that || P| < 8, we have
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Hence, f is Riemann integrable on [a, b], and
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Solution 2. Let ¢ > 0. We seek k € N such that for all n > k, n € N,
) b
St P - [ fl<e
Since f is Riemann integrable, there exists § € R such that for all partitions P such that ||P|| < 6,
. b
S(.P)= [ fi<e
Note that since ||P,|| — 0 as n — oo, there exists k' € N such that for all n > &/, | P, || < 4.
Hence, setting k = k' finishes the proof.
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Solution 3. Let f: [0,1] — R be defined such that f(z) = 5~ forallz = 1, n € Nand f(z) =0
otherwise. We claim that f is Riemann integrable, and that fol f=0.
Let € > 0. We seek ¢ such that for all tagged partitions P on [0,1] such that |P| < d, we have

IS(f, P)| < e.

Weset E = {x:x €[0,1] A f(z) > ¢/2}. This set is finite.



Given a partition P, a point z € F can be a tag of at most two intervals in P. Also, fz) < % for each
of these points. The total length of each interval is at most ||P||, and there are k such intervals. Hence,
the contribution to the Riemann sum over those intervals containing such points is at most 3 - 2k - P
In the remaining intervals, each tag z € [0,1] \ E, so f(z) < ¢/2. The total length of these intervals
is at most the length of the domain, i.e. 1. Hence, their contribution to the Riemann sum is at most ¢/2-1.

We set § = €/2k.> Then, for all partitions such that | P| < 0,

S(1,P) = D fE) e —2) + Y f(&) (@i — )
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This completes the proof. O
Solution 4.
(i)
L 32" / d = log4.
= ——dx = lo
(ii)
1 & !
lim — sink—w = / sin(rz) de = 2.
n—oo 1, =1 n 0

(iii)

. n 1 1 21
St = S s = [ e = w2

n /4}2 Ic/n2 1 n k kQ 1 ) 12
nll_)ngOH (1—|— 712) = expnh_{réoﬁ U Elog (1—1—712) = exp/O xlog(l+z%)dz = 2e .

Solution 5.

(i) We claim that if f: [a,b] — R is Riemann integrable, then f is bounded.
Suppose not. Let the Riemann integral of f on [a,b] be L. Then, for ¢ = 1, we find ¢ such that for
all tagged partitions P on [a,b] with || P|| < 6, we have |S(f,P) — L| < 1, ie. S(f,P) <|L|+ 1.

Let Q@ = {zo,x1,...,2Tn} be such a partition, with ||Q|| < 0. Since f is unbounded on [a,b], it
must be unbounded on at least one of the subintervals [zk,zr+1]. Now, we select tags to create
the tagged partition Q = {([z;, xit1],&)}. We choose & € [xg, Xg+1] such that

FE) (@rgr — 2)| > LI+ 1+ 1D f(&) (@ipr — ).
ik

Mn the case where k = 0, i.e. € > 1, the result follows trivially since f(z) < 1 for all = € [0, 1].



Thus,
1S(F, Q1 = 1£(&) (@rpr — )| = | D F(&) (@i — )| > L] +1.
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This is a contradiction, which proves our claim. O
(ii) For any tagged partition P on [a, b],
S(£,P) < Y 1fE)|(wiga —z:) < M(b—a).
Hence, for all € > 0, there exists § such that for all such partitions with || P| < 4,
s -1 1< 150 - [ 1<
b
/ < IS, P)| + ¢ < M(b—a)+e
Since this holds for all € > 0, we can write
b
/ fl < M(—a)
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Solution 6.
(i) We have f: [-2,2] = R,
9 s .
322 cos 2 + 27 sin ol € [-2,2]\ {0},
0 z=0.

We set F': [-2,2] = R,
7
Fla) = x3 cos 5 T€ [-2,2]\ {0},
0 z = 0.

Now, f is continuous on [—2,2] \ {0}, and hence is Riemann integrable. Also, F' is continuous on
[—2,2], and F'(z) = f(x) for all x € [-2,2] \ {0}. Using the Fundamental Theorem of Calculus,
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f=F2)—-F(-2) = 160051.

(ii) We have f: [0,3] — R,

We set F': [0,3] = R

(iii) We have f: [1,3] = R,



We set F': [1,3] = R,

Solution 7. We have f: [0,3] — R,

0 z€]0,1),
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J@)=19,, ze[2,3),
3z =3
We set F': [0,3] = R,
0 z €10,1),
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