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Solution 1.

(i) Let P(n) be the statement

1
1+2+---+n:§n(n—|—1) for all n € N.

Base step We establish P(1). Clearly, 1 = £1(1+1). Thus, P(1) is true.

Inductive step We assume P(k) is true. We will show that P(k + 1) is true.
142+ +k+(k+1) = [1+2+---+k]+(k+1)

= %k(k +1) 4 (k+1) (From P(k))

~ %(k +2)(k+1)

= %(k +1)((k+1)+1)

Hence, by the principle of mathematical induction, P(n) is true for all n € N. O

(ii) Let P(n) be the statement

1
12422 4. 4n? = 6n(n+1)(2n+1) for all n € N.

Base step We establish P(1). Clearly, 1 = $1(1+1)(2+ 1). Thus, P(1) is true.

Inductive step We assume P(k) is true. We will show that P(k 4+ 1) is true.
P22+ B4+ (k+ 1) = [1P+22 4+ + K]+ (k+ 1)
1
= Ghk+ 12k +1) + (k+ 1)2 (From P(k))
1
= gkt 1)(2k* + k + 6k + 6)

= é(k +1)(2k* + 7k + 6)
_ é(k 1) (k 4+ 2)(2k + 3)

= é(k +1)((k+1)+1)(2(k+1)+1)

Hence, by the principle of mathematical induction, P(n) is true for all n € N. O

(iii) Let P(n) be the statement

1
12+32+---—|—(2n—1)2:§(4n3—n) for all n € N.

Base step We establish P(1). Clearly, 1 = 21(4 — 3). Thus, P(1) is true.
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Inductive step We assume P(k) is true. We will show that P(k 4 1) is true.

24324+ (212 +2k+1)2 = 12432+ +(2k— 1) + (2k + 1)?
= %(415’ —k)+ (2k+1)2 (From P(k))

1
= §(4k3 —k +12k* + 12k + 3)

= 1(4(1<;3 +3k* +3k+1) —k—1))

3
1
= §(4(k +1)° — (k+1))
Hence, by the principle of mathematical induction, P(n) is true for all n € N. O

Let P(n) be the statement

1
134+ 4403 = Zn2(n—|—1)2 for all n € N.

Base step We establish P(1). Clearly, 1 = $1(1+1)2. Thus, P(1) is true.

Inductive step We assume P(k) is true. We will show that P(k 4 1) is true.
P42+ + B+ (k+1)° = [P+ 2%+ + B+ (k+1)°

1

= ZkQ(/ﬂ +1)% 4+ (k+1)° (From P(k))
1

= ;(k+ 1)%(k* + 4k + 4)
1

= Z(/~c +1)%(k + 2)?
1

= ;(k+ 1)*((k+1) 4+ 1)°

Hence, by the principle of mathematical induction, P(n) is true for all n € N. O

Let P(n) be the statement

Zr(r—i—l)...(r—i—Q):%n(n—i—l)...(n—i—lO) for all n € N.

r=1

Base step We establish P(1). Clearly,

1141)...(149) = —1(1+1)...(1+9)(1+10)

—1
11
Thus, P(1) is true.

Inductive step We assume P(k) is true. We will show that P(k 4 1) is true.

k+1
D+ 1) (49 = D rr+1). o+ 9| + k+DEF2).. (E+1+9)

r=1 r=1

= k(k+1) ... (k+10) + (k+1)(k+2)...(k+1+9) (From P(k))
_ Tll(k+1)...(k+10)(k+11)

_ Tll(k—kl)...((k—kl)+9)((k+1)+10)

Hence, by the principle of mathematical induction, P(n) is true for all n € N. O



Solution 2.

(i) Let P(n) be the statement that for all n € N,

3" >n?

Base step We establish P(1) and P(2). Clearly, 3! > 12. Thus, P(1) is true. Again, 32 =9 >

8 = 22. Thus, P(2) is true.

Inductive step We assume P(k) is true. We will show that P(k + 1) is true.

3l = 3.3F > 3. 42

We must show 3k? > (k+1)? < 3k% — (k+1)? > 0.

32— (k+1)2 = 2k -2k -1 = K>+ (k—1)> -2

Clearly, for k > 2, k? > 2, s0 k? + (k — 1)? > 2, and we are done.

Hence, by the principle of mathematical induction, P(n) is true for all n € N. O

(ii) Let P(n) be the statement that for all n € N and 2 > —1,

(L+a)

> 14 nx. (Bernoulli’s Inequality)

Base Step We establish P(1). Clearly, (1 + z)* > (1 +1-x), thus P(1) is true.

Inductive Step We assume P(k)

is true. We will show that P(k + 1) is true.

(1+2)" = Q+2)F- 1 +2)
> (1+kz)- (142) (z+1>0)
= (1 4+ + ka + ka?)
> (14 (k+ 1Dx) (k>0 and 22 > 0)
Hence, by the principle of mathematical induction, P(n) is true for all n € N. O

(iii) Let P(n) be the statement that for all n > 5, n € N,

2n < 92n—2
" .

Base Step We establish P(5). Now, (*") = 252, while 2!972 = 256. Thus, P(5) is true.

Inductive Step We assume P(k)

is true. We will show that P(k + 1) is true.

(2(k + 1)) _ (2k+2)!

k+1

(k4 1)

2k +2)(2k+1) (20
B (k+1)2 n
2kt 1 s
E+1
2k+2 ok s

9.
k+1
— 92(k+1)-2

Hence, by the principle of mathematical induction, P(n) is true for all n > 5, n € N. O



Solution 3.

(i) Let P(n) be the statement that every n > 2, n € N has a prime divisor. We prove this using the
principle of strong mathematical induction.

Base Step We establish P(2). Clearly, 2 is a prime divisor of itself, so P(2) is true.

Inductive Step We assume that the statements P(2), P(3),..., P(k — 1) are all true. We will
show that P(k) is true.

If £ > 2 is prime, then we are done, as k is a prime divisor of itself. Otherwise, if k is not prime,
then k = ab for some 1 < a,b < k and a,b € N. We see that a > 2, so by the induction hypothesis,
a has a prime divisor p € N, i.e., a = pec for some ¢ € N. Thus, k = (pc)b = p(cb), and ¢b € N, so p
is a prime factor of k. This proves P (k).

Hence, by the principle of strong induction, P(n) is true for all n > 2, n € N. O

(ii) We define the Fibonacci sequence (fy,)n>0 as follows.

fo =10
fi =1
fn = fn—l"’fn—z, for all n > 2

(a) We wish to show that for all n € N,

(1 + \/3)71 B (1 - \/5>n] (Binet’s formula)
2 2

We prove this using the principle of strong mathematical induction. Let P(n) be the afore-
mentioned statement, and let ¢ = (1 ++/5)/2 and ¢ = (1 — +/5)/2. Note that ¢ and ¢ both
satisfy 22 =z + 1.

1
fn:ﬁ

2
1++5 6+ 25 1++5
2 =3 - 3

Base Step We establish P(1). Clearly, f; = 1 = (¢ —%)/+/5. Thus, P(1) is true.

Inductive Step We assume that the statements P(2), P(3),..., P(k) are all true. We will
show that P(k + 1) is true.

o1 = fro+ fr1

" e +1) ="+ 1)

(") =¥ (wW?)

-5l -5l - 5

— ((,OkJrl _ ¢k+1)

S

Hence, by the principle of strong induction, P(n) is true for all n € N. O

(b) Let P(n) be the statement that for all n € N|

f1+f3+"'+f2n—1 = f2n

Base Step We establish P(1). Clearly, f; =1 = fo. Thus, P(1) is true.



Inductive Step We assume that P(k) is true. We will show that P(k 4 1) is true.

fi+ fa+-+ form1 + forpr = i+ fa+ -+ foro1] + forta
Jor + fart1
= fory2

= f 2(k+1)
Hence, by the principle of mathematical induction, P(n) is true for all n € N.
(¢) Let P(n) be the statement that for all n € N,

fotfat -+ fon = fonp1—1
Base Step We establish P(1). Clearly, fo =1=2—1= f3 — 1. Thus, P(1) is true.

Inductive Step We assume that P(k) is true. We will show that P(k + 1) is true.

fotfot A for + forge = [fo+ fat -+ for] + forgo
for+1 — 1+ foryo
Jor4z — 1

= fote+1)+1 — 1

Hence, by the principle of mathematical induction, P(n) is true for all n € N.



