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Solution 1.
Let A, B, C be sets.

(i) We wish to prove AU B = BU A. We do so by showing that AUB C BUA and BUAC AUB.

Let + € AU B. This implies x € A or x € B, which is the same as x € B or x € A. Thus,
x € BUA. This proves AUB C BU A.

Similarly, let x € BU A. This implies x € B or « € A, which is the same as z € A or x € B. Thus,
x € AU B. This proves BUA C AU B, and we are done. O

Next, we wish to prove ANB = BN A. We do so by showing that ANB C BNA and BNA C ANB.

Let x € AN B. This implies x € A and x € B, which is the same as x € B and x € A. Thus,
x € BN A. This proves ANB C BN A.

Similarly, let z € BN A. This implies x € B and z € A, which is the same as ¢ € A and = € B.

Thus, x € AN B. This proves BN A C AN B, and we are done. O
(ii) We wish to prove (AUB)UC = AU(BUC). We do so by showing that (AUB)UC C AU(BUCQC)

and AU(BUC)C (AUuB)UC.

Let A denote ‘and’ and V denote ‘or’. Let

re(AUB)UC = z€(AUuB)vVzeC
(reAvzeB)vz el
re€AVaeeBvVzel
re€AV(xeBvzel)
x€e€Avae(BUQ)

= e AU(BUCQC)

=
=
=
=

This proves, (AUB)UC C AU (BUC). Similarly, let

r€AU(BUC) = x€ AVz e (BUQ)
r€AV(xreBVzel)
rxeAvVaeeBvVzel
(reAvzeB)Vzel
re(AuB)vVzeC

= ze€(AUuB)UC

=
=
=
=

This proves, AU (BUC) C (AU B)UC, and we are done. O

Next, we wish to prove (ANB)NC = AN(BNC). We do so by showing that (ANB)NC C AN(BNC)
and AN(BNC)C(AnB)NC. Let

re€(ANB)NC = z€(AnNB)AzeC
= (te ANz eB)A Az el
= czeANzxeBAzel
=€ AN(zeBAze()
= xz€ANz e (BNC)
=€ AN(BNC)

—_



This proves, (AN B)NC C AN (BNC). Similarly, let

re€AN(BNC) = z€AANze(BNO)
= cz€AN(zeBANze(l)
= cscANzeBAzelC
= (r€ ANz eB)Az el
= zc(ANB)Az e’
= zec(ANB)NC

This proves, AN (BNC) C (AN B)NC, and we are done. O
(iii) We wish to prove A C B if and only if AU B = B. We first show that AC Bif AUB = B.

r€A = xrxcAvVreB
= re€AUB
= xz€B (AU B =DB)
Thus, AUB =B = A C B. Next, we show that if AUB =B if AC B.

re AUB => x€ AVvzeB
= rxeBVvzeB (ACB)
= rxeB

reB = xeBvzecA
= re€AVzeB
= x€AUB

Thus, ACB = AUB=B.
This proves AC B & AUB=B. O

(iv) We wish to prove A C B if and only if AN B = A. We first show that A C Bif AnNB = A.

reA =zx€ANB (AnB=A)
= xc ANz EB
= x€B

Thus, ANB=A = AC B. Next, we show that ANB=Aif AC B.

r€ANB = vx€ ANz EB
= €A

r€A =>rxeANTEA
= z€AANzEB (ACB)
= x€ANB

Thus, ACB = ANB=A.
This proves AC B & ANB=A. O

(v) We wish to prove A C B if and only if A\ B = (). We first show that A C B if A\ B =10.

r€A =>2ecAN(zeBVz¢B)
= (r€e ANz eB)V(rec ANz ¢ B)

= (e ANz eB)Vze A\ B

= (r€eANzeB)Vzel (A\ B=10)
= zxcANzeDB (re A)
= z€B



Thus, A\ B=0 = A C B. Next, we show that A\ B=0if A C B.

r€A\B = x€ ANz ¢ B
= x€BANx¢B (ACB)
However, there is no such = which is simultaneously in and not in B. Hence, the set A\ B is empty,
that is, ACB = A\ B=0.
This proves AC B < A\ B=1. O
(vi) We wish to prove A\ (A\ B) = AN B.
Note that for sets X and Y,

X\Y ={z:2eXnz¢Y}
={r:xeXAzecY®}
= XnYy®

Thus, X NX¢ = {z:2€ X Az ¢ X} = (. Also note that (X¢)¢ = X, since

reX & ¢ X©
& re (X9)°

Thus, we have

A\ (A\B) = A\ (AnB°)

= AN (AN BY“

= AN (A°U(BY)%) (De Morgan’s Law)
= An(A°UB)

= (ANA°)U(ANDB) (Distributive Law)
= QU(ANB)

= ANB O

(vii) We wish to prove A\ (BUC) = (A\ B)N(A\ ().

A\ (BUC) = An(BUC)®
= ANn(B°ncY) (De Morgan’s Law)
= (AnB%NnANnCY) (Distributive Law)
= (A\B)N(A\C) O

(viii) We wish to prove A\ (BNC) = (A\ B)U(A\ C).

A\ (BNC) = An(BNnC)¢
= An(B°uUCY) (De Morgan’s Law)
= (ANBY U (ANCY) (Distributive Law)
= (A\B)U(A\C) O

(ix) We wish to prove AAB = (AU B)\ (AN B).
Let U be a universal set. Note that for a set X, XUX® ={z:2¢€ XVva ¢ X} = U. Also,



XNU={z:2e XNzelU}=X.

AAB = (A\B)U(B\ A)
ANBY U (BN AY)

(ANBY)YUB)N((AnBY) U A%) (Distributive Law)
BU(ANB%)n(A° U (AN BY))

(
= (
(
= (
(BUA)N(BUB%)N ((A° U A)n (A° U BY)) (Distributive Law)
(
= (
= (
= (

(BUA)YNU)N(UN (AU BY))

BUA)N (AU B)

AUB)N(ANB)¢ (De Morgan’s Law)
AUB)\ (AN B) O

(x) We wish to prove AN (BAC) =(ANB)A(ANC).

(ANB)AANC) = (ANB)UANCH\ (ANB)N(ANnC)) (From (ix))
= (AN(BUC)\(ANBNANCQC) (Distributive Law)
= (ANn(BUC)\(ANBNCO)
= (An(BUO))N (Aﬂ(BﬂC’))
= (AN(BUC)N (AU (BNC)Y) (De Morgan’s Law)
= (AN(BUC)NAYYU(AN(BUC)N(BNC)®) (Distributive Law)
= (ANAN(BUC)U(AN(BUC)N(BNC)Y)
= (0N(BUC)H)U(AN(BUC)\(BNQ))
= U (AN (BAQ)) (From (ix))
= AN (BAQC) O

(xi) We wish to prove AA(BAC) = (AAB)AC.
Note that AAB = BAA, since

AAB = (AUB)\ (AN B)
= (BUA)\(BNA)
= BAA

First, we expand

AA(BAC) =

—~

BAC))U ((BAC) \ A)
(B\C)U(C\B)))U(((B\C)U(C\B))\A)
BNCC)YU(CNBE)EYU((BNCC)U(C N BE))n AC)
BNCHYN(CNBOY)YU(((BNCY) U (CnBY)nA%)
BCUC)n(C°UB))u(((BNnCC) u(CnBY)nA°)
N(CCUB)U(CN(CCUB))U(((BNCC)YU(CNBY)NA%)
BNCHUB NB)U(CNCY)U(CNB))U(((BNnCY U(CNnBY)nAY)
BN udupu (CnB))U(((BNCY)NAY)U((CNBY) NAY))
BNnCuU(CNB)U((BNCYNAY)U(CNBCnA%))
N(BNC))YUAN(CNB)))U((BNCNA®)U(CNBYNAY))
NBNCYUANBNC)U(A°NBNCY) U A NBYN0))
ANBNC)U(ANBYNCU(A°NBNCY)U(A°NBNCO)

—~

((
((
((
(B¢
((
((
((

— — ~— —



Similarly,

) U
ANBCNCO)U(BNANCO)U(CN((A° N B U (BN A)))
ANB NCY)U(BNANCO)U((CN(ANB)U(Cn (BN A))
ANB NCUANBNCO)YU((A°NBYNC)U(ANBNC))
NBNC)U(ANBCNCYUA°NBNCY) U (A°NBYNnC)

(AAB)AC = ((AAB)\C)U (C\ (AAB))
= (((A\B)U(B\A)\C)U(C\ ((A\ B)U(B\ 4)))
= (ANBYuUBNA))YNCY)u(Cn((AnBY U (BNA“)Y)
= ((ANBYYUBNAY))NCYU(Cn((ANBY)°n (BN A)Y))
= ((ANBYYU(BNAY)NC U (Cn((A° UB)N (B U A)))
= ((ANBYYUBNAY))NCY)U(CN((A° N (BUA))U(BN(BCUA))))
= (((AmBC)U(BﬂAC))mCC)u(Cm((ACmBC)U(ACmA)U(BmBC)U(BmA)))
= (ANBYYNCHU((BNAYNCO))U(CN(A°NBYYUBUPU (BN A)))
((
((
((
= (4

Thus, AA(BAC) and (AAB)AC expand to the same expression, proving them to be equal. O

(xii) We wish to prove AAB = AAC if and only if B = C.

Note that for a set X, XAX = (X\ X)U (X \ X) =0, and XAD =PAX = (X\D)U D\ X) =
Using the result from (xi)

(AAA)AB = AA(AAB)
= AA(AAC)
= (AAA)AC
0AB = QAC
B=cC O



Solution 2. Let A, B, C, D be sets.
(i) We wish to prove A x (BUC) = (A x B)U (A x C).

(r,y) e AX (BUC) & z€ Anye(BUQ)
& (reA)N(yeBvyel)
& (reANyeB)V(zxe AvyeO)
& ((z,y) €Ax B)V ((z,9) € A x O)
& (z,y) € (AXx B)U(Ax Q) O

(ii) We wish to prove A x (BNC)=(Ax B)N (4 x C).

(r,y) e Ax(BNC) & z€ Anye(BNQO)
& (reAN(yeBAyeC)
& (reANyeB)A(ze Anye ()
& ((z,y) € Ax B)A((z,y) € AxC)
& (z,y) € (AxB)N(Ax () O

(iii) We wish to prove A x (B\ C) = (A x B)\ (A x ().

(r,y) e Ax (B\C) = z€ AAnye (B\CO)
= (z€eA)AN(yeBAy¢C)
= (reANyeB)A(y¢C)
= (z,y) € AXB)A((z,y) ¢ AxC)
= (z,y) € (Ax B)\(Ax ()
(z,y) € (AxB)\(AxC) = ((z,y) € Ax B)A ((xvy)¢A><0)
= (e ANyeB)AN(xg¢ AVy¢C)
= (r€eANyeBAxz¢A)V(zre ANye BAy ¢ ()
= (zeld)V(zeArye (B\QO))
= € Ax(B\C)

Since each side is a subset of the other, they are equal. O

(iv) We wish to determine whether P(A x B) = P(A) x P(B). This can be shown to be false in general.
As a counterexample, consider A = {a}, B = {b}.

Ax B = {(a,b)}
P(Ax B) = {0,{(a,b)}}

P(4) = {0.{a}}
P(B) = {0,{b}}
P(A) xP(B) = {(0,0),(0,{0}), ({a},0), {a}, {b})} B

(v) We wish to determine whether (ANC) x (BND) = (A x B)N(C x D). We prove this by selecting

(r,y) e (ANC)x (BND) & 2z (ANC)Ay € (BND)
S rxeANzeCANyeBAyeD
S rzeANyeBAxzeCAyeD
< ((z,y) € Ax B)A((z,y) € C x D)
& (z,y) e (Ax B)N(Bx () O



(vi) We wish to determine whether (AUC) x (BU D) = (A x B)U(C x D). This can be shown to be
false in general. As a counterexample, consider

A = {a}
B = {b}
C = {c}
D = {d}
AUuC = {a,c}
BUD = {b,d}
(AUC) x (BUD) = {(a,b),(a,d), (e, b),(c,d)}
(Ax B) = {(a,b)}
(Cx D) = {(c,d)}
(Ax B)U(C x D) = {(a,b),(c,d)} O



Solution 3. Let n € N and let X be a set of n elements.

(i)

(i)

(iii)

The number of subsets of X is 2.

A subset of X must have k € {0,1,2,...,n} elements. For a given k, there are exactly (:) ways
of selecting k elements from X, hence there are as many subsets of X with k elements. Thus, the
total number of subsets of X is

56) -+ :

k=0

The number of non-empty subsets of X is 2 — 1.

Of the 2™ subsets of X, the number of empty subsets, that is, sets with zero elements, is exactly

(8) = 1. Removing the empty set from our count gives 2" — 1. O

The number of ways one can choose two disjoint subsets of X is (3™ +1)/2.

Let us choose two disjoint subsets A and B of X. Each x € X has 3 choices: it can be placed either
in A, or in B, or in neither. This gives us 3" ways of constructing A and B. Note that we are not
concerned about the order in which we choose A and B, so we have precisely double counted the
cases when A # B, i.e., all but one, giving us (3" — 1)/2. The only remaining case is A = B = ),
which we add back on, giving a total of (3™ +1)/2. O

The number of ways one can choose two non-empty disjoint subsets of X is (3" — 27! +1)/2.

Again, let us choose two disjoint subsets A and B of X. Of the 3" ways of placing some z € X in
A, B, or neither, note that A remains empty in exactly 2" cases. This is because each x € X has 2
choices: it can be placed either in B, or in neither A nor B. Similarly, B remains empty in exactly
2" cases, since each z € X can be placed either in A or in neither A nor B. We have excluded the
case where A = B = () twice, so we have 3™ — 2" — 2™ 4+ 1. Again, symmetry gives us a total of
(3™ — 2"+1 4+ 1) /2 unordered pairs of disjoint non-empty subsets of X. O



