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MA 1101 : Mathematics I

Problem 1. (Ring of integers)
Define an equivalence relation ∼Z on N× N as

(m,n) ∼Z (p, q) if m + q = n + p.

Let us set
Z := (N× N)/ ∼Z,

0̄ := [(1, 1)], 1̄ := [(2, 1)], Z+ := {[(n + 1, 1)] : n ∈ N}.
For a = [(m,n)], b = [(p, q)] ∈ Z, we define

a + b := [(m + p, n + q)], a · b := [(mp + nq,mq + np)].

Prove that

(i) Addition :

(a) + is well-defined, associative and commutative.

(b) a + 0̄ = a = 0̄ + a, for all a ∈ Z.

(c) For all a ∈ Z, there exists a unique x ∈ Z satisfying a + x = 0̄ = x + a. We denote x as −a and
say that −a is the negative of a.

(d) For all a, b ∈ Z, there exists a unique x ∈ Z satisfying a + x = b.

(ii) Multiplication :

(a) · is well-defined, associative and commutative.

(b) a · 1̄ = a = 1̄ · a, for all a ∈ Z.

(iii) Distributivity : For all a, b, c ∈ Z, a · (b + c) = a · b + a · c.
(iv) No zero divisors : For all a, b ∈ Z with a, b 6= 0̄, we have a · b 6= 0̄.

(v) Cancellation : For all a, b, c ∈ Z with a 6= 0̄, we have a · b = a · c⇒ b = c.

(vi) Order : For all a, b ∈ Z, we say that a > b if a − b := a + (−b) ∈ Z+. Show that, for all a, b ∈ Z, we
have a · b > 0 if a, b > 0 or a, b < 0.

(vii) Identification map : Define IN : N→ Z by

IN(n) := [(n + 1, 1)], for all n ∈ N.

Show that

(a) IN is one-one.

(b) IN(N) = Z+.

(c) IN (1) = 1̄.

(d) IN(m + n) = IN(m) + IN (n), for all m,n ∈ N.

(e) IN(m · n) = IN(m) · IN(n), for all m,n ∈ N.

(f) IN(m) > IN(n), for all m,n ∈ N with m > n.

Problem 2. (Field of rationals)
Define an equivalence relation ∼Q on Z× (Z \ {0}) as

(m,n) ∼Q (p, q) if mq = np.

Let us set
Z := (Z× (Z \ {0})) / ∼Q,

0̄ := [(0, 1)], 1̄ := [(1, 1)].

For a = [(m,n)], b = [(p, q)] ∈ Q, we define

a + b := [(mq + np, nq)], a · b := [(mp, nq)].

Prove that



(i) Addition :

(a) + is well-defined, associative and commutative.

(b) a + 0̄ = a = 0̄ + a, for all a ∈ Q.

(c) For all a ∈ Q, there exists a unique x ∈ Q satisfying a + x = 0̄ = x + a. We denote x as −a and
say that −a is the negative of a.

(d) For all a, b ∈ Q, there exists a unique x ∈ Q satisfying a + x = b.

(ii) Multiplication :

(a) · is well-defined, associative and commutative.

(b) a · 1̄ = a = 1̄ · a, for all a ∈ Q.

(c) For all a ∈ Q \ {0̄}, there exists a unique x ∈ Q satisfying a · x = 1̄ = x · a. We denote x as a−1

and say that a−1 is the inverse of a.

(d) For all a, b ∈ Q \ {0̄}, there exists a unique x ∈ Q satisfying a · x = b.

(iii) Distributivity : For all a, b, c ∈ Q, a · (b + c) = a · b + a · c.
(iv) No zero divisors : For all a, b ∈ Q with a, b 6= 0̄, we have a · b 6= 0̄.

(v) Cancellation : For all a, b, c ∈ Q with a 6= 0̄, we have a · b = a · c⇒ b = c.

(vi) Order : For all a, b ∈ Q, we say that a > b if mq > np where a = [(m,n)], b = [(p, q)] with n, q ∈ N.
Show that, for all a, b ∈ Q, we have a · b > 0 if a, b > 0 or a, b < 0.

(vii) Identification map : Define IZ : Z→ Q by

IZ(n) := [(n, 1)], for all n ∈ Z.

Show that

(a) IZ is one-one.

(b) IZ(0) = 0̄, IZ(1) = 1̄.

(c) IZ(m + n) = IZ(m) + IZ(n), for all m,n ∈ Z.

(d) IZ(m · n) = IZ(m) · IZ(n), for all m,n ∈ Z.

(e) IZ(m) > IZ(n), for all m,n ∈ Z with m > n.


