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Basic Definitions

Convex Sets and Functions

Definition 1.1 (Convex Set). We say that X' C R? is convex if
A+ (1—-NyeX

forallz,y € X and A € [0, 1].
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Example 1.1.1. All linear subspaces of R are convex sets.

Example 1.1.2. Consider points z, ..., ,, € R%. Their convex hull, described by
n
conv(zy, ..., z,) = {Alml + oAz, A, A, >0, Z)‘i = 1},
i=1

is a convex set. In fact, it is the smallest convex set containing z, ..., z,,.

Definition 1.2 (Convex Function). We say that f : X — R is convex if X is convex, and
fOz + (1= Ny) < Af(z) + (1 —N)fy)
forallz,y € X and X € [0, 1].

Example 1.2.1. The map x — z? is convex.

Example 1.2.2. Indicator functions of convex sets are convex. The indicator function of X C R? is
given by

0 ifzeX

CRE R
Iy :R* = R, wl—){oo ifog 2

Proposition 1.3 (Jensen's Inequality). f is convex if and only if
Fuzy + o+ A,) <A f(20) + 0+ A f ()

forallzy, ...z, € X and Ay, ..., A, 2 0suchthat}’ A, =1,
Definition 1.4 (Epigraph). The epigraph of f : X — R is defined as
epi(f) = {(z,0) € X xR : f(2) < a}.

Remark. The epigraph of f is simply the region above the graph of f,
D(f) = {(z,0) € X x R: f(z) = a}.

Proposition 1.5. f is convex if and only if epi( f) is convex.

Proof. (=) For (z1,04), (x4, a5) € epi(f) and A € [0, 1], we have



fAzy + (L= XN)zy) < Af(zq) + (1= A) f(=y)
< Ao + (1= Nay,.
(<) For z1,z, € X and X € [0, 1], since (x4, f(z7)), (x4, f(z3)) € epi(f), we have
fAzy + (1= N)zy) < Af(zy) + (1= A)f(22). |

From now on, we will always assume that f : X — R is differentiable, unless stated otherwise. Under
this setting, we have a simpler characterization of convexity.

Proposition 1.6 (Gradient Inequality). f is convex if and only if
fly) = f(2) + V(@) (y — =)
forallz,y € X.

Proof. (=) Note that for t € (0,1), we may write

f(w>+f(w+t(y—trv))—f(w) _ f((l—t)$+tyt)—(1—t)f($)

< f(y).

Taking the limit ¢ — O gives the desired result.
(<) Letz,y € X and X € [0, 1]. Setting z = Az + (1 — \)y, we have
f@)2f(2)+ V@) (x—2), [fly)=f2)+ V() (y—2).
Combining these gives Af(z) + (1 — ) f(y) > f(z). O
Remark. This is often presented as

fl@) = fly) < V(@) (z —y)

Projections

Definition 1.7. We say that z is a projection of a point y onto a set X' if z € X and |y — z|| < |y — z|
forallz € X.

In other words, z is a projection of y onto X when z € arg min |y — z|. In general, such projections
of points need not exist! For instance, one can argue that a projection of y ¢ XX onto I cannot lie in the
interior of X: given z € Bs(z) C int(X), set 2, = z + t(y — z) € X with t = §/(2|y — z|), whence
ly =2zl = (1 =ty — 2] < lly — z].

Example 1.7.1. Consider the open unit disk D? = {z € R? : |z| < 1} in R?. Projections of points
outside D? onto D? do not exist.

In Euclidean spaces R?, we may observe that closedness of (nonempty) X guarantees the existence of
a projection of y € R¢ onto X. By picking some z, € XX, we need only look at the compact set X N

B, (y) where r = |y — z, |, on which the continuous map z ||y — z| must attain its minimum.



On the other hand, projections of points need not be unique.

Example 1.7.2. Consider the unit circle S* = {z € R? : |z = 1} in R?. Then, every point in S' is a
projection of 0 € R? onto S?.

The following theorem establishes the existence and uniqueness of projections onto closed convex sets
in any Hilbert space; we focus on Euclidean spaces R? for simplicity.

Theorem 1.8 (Hilbert Projection). Let X C R? be closed and convex. Then, for eachy € R?, there exists
a unique projection of y onto XX.

Proof. Set § = inf, 4|z — y| and pick a sequence {z,,} C X suchthat |z, —y|| — ¢. Note that (z,, +
Zm)/2 € X; the parallelogram law gives

2 2 2 2
l2n = 20ll” = 2]z, = yl” + 2]z, — 9" = 4l (2, + 20)/2 = 0
2 2
< 2|z, —yl” + 2|z, —yl” — 46°.

Since this goes to 0 as m,n — oo, {2,,} is Cauchy and hence has a limit z € X". Furthermore, if 6 =
|z" — y| for some other z" € X, then

/7 /7 2
|z — 21" = 4(8” = (= + ') /2 —yl)” <0,

forcing z = 2’. O

Definition 1.9. Let X C R? be closed and convex. The projection operator onto X is defined by
I, :RY— X, y+>argmin |z —y|.

zeX

Remark. Theorem 1.8 guarantees that IT 4 is well defined; the minimizer of z - |z — y|| on X exists
and is unique.

Proposition 1.10 (Variational Inequality). Lety € R¢ and 2 € X for closed convex X . Then, z = Il 4 (y)
ifand only if (z —y,z —x) <0 forallz € X.

Proof. (=) Lett € (0,1),and z, = (1 — ¢)II4(y) + tz € X . Then,
Iz = 9I” <Dz — 9l = |z —y — t(z — o),
which simplifies to
—2(z—y,z—x) +t|z —z|* > 0.
Taking the limit ¢ — 0 gives the desired inequality.
(<) Forz € X,

ly =2l =y — 2I° + |z — 2] = 2{z —y, 2 — x) > |y — 2|*. O



Lemma 1.11 (Pythagoras). Forallz € X andy € RY,

2 2
Mg (y) — 2)” < ly — 2 — |y — M ()]

Proof. 1t suffices to show that (IT4(y) — y, 14 (y) — =) < 0 for all z € X, which holds via Proposi-
tion 1.10. O

Corollary 1.11.1. Forallz,y € R¢,

T () = ge ()] < [l —y]-

Normals

A very useful property of closed convex sets X is that given a point w ¢ K, one can find a hyperplane
separating w from X . In other words, there exists a continuous linear functional g and a constant a
such that g(z) < a < g(w) forall z € X

Theorem 1.12 (Strict Separation). Let w ¢ X for closed convex K. There exists v # 0 such that
sup (v, ) < (v, w).
zeX
Proof. Set v = w — 14 (w). Then, Proposition 1.10 gives
(0,0 — (w—v)) = (W — g (w), — Mg (w)) <0,
for all z € X, which rearranges into

(v,2) + v]* < (v, w). O

Definition 1.13 (Normal). Let z € X for closed convex X'. We say that v is normal to X at z if (v, y) <
(v,z) forally € X.

Definition 1.14 (Normal Cone). Let € X for closed convex K. The normal cone Ny-(z) at x is the
collection of normals to X" at .

Note that if v is normal to X at z, so is av for & > 0, hence N4 () is indeed a cone; it is also convex.
Furthermore, N4-(z) is nontrivial only when z ¢ int(X);ifz € Bs(z) C X, then for any v with |Jv|| =
1, we have z + gv € Bs(z) C X, and
] 5 ] 4]
(v, — Ev) = (v,z) — 5 < (v,x) < (v,z) + 3= (v, + 51})
Thus, we need only look at normal cones at boundary points x € 0X. At these points, nonzero v €
Ny (x) describe supporting hyperplanes to X at x.



Proposition 1.15. Let x € K for closed convex K C RY. Then, Ny (x) is nontrivial, i.e. there exists a
supporting hyperplane to X at x.

Proof. Pick a sequences {r,,} C X such that z,, — z, and a corresponding sequence {v,, } C S9!
of directions via Theorem 1.12, such that sup,c « (v,,,4) < (v,,x,,). Using the compactness of 5%,

n»r'n

descend to a subsequence and relabel so that v,, = v € S d=1 Then, for y € K, we have

(v,y) = lim (v,,y) < lim {v,,z,) = (v, 2). O

Proposition 1.16. Let x € X for closed convex X, and let v € Ny-(x). Then, Il 4-(z + aw) = x for all
a > 0.

Proof. For all y € X, we have
<$—(£E+Oﬂ]),$—y> :a<v,y—x) SO,

whence x = I 4 (z + av) by Proposition 1.10. O

The Convex Optimization Problem

Definition 2.1 (Global Minimizer). We say that z* is a global minimizer of f : X — Rif f(z) > f(x*)
forallxz € X.

Definition 2.2 (Local Minimizer). We say that z* is a local minimizer of f : X — R if f(z) > f(z*)
for all z € U for some neighborhood & C X of z*.

Proposition 2.3. Let z* € int(XX') be a local minimizer of f. Then, V f(z*) = 0.

The optimization problem for convex f on a convex set X can be described as

min f(z). (M)
In the special case X' = RY, this is
felllRI}l f(z). (Mga)

The convexity of f allows us to characterize solutions of (//}. ) via its critical points.

Proposition 2.4. Let f : R — R be convex. Then, * € R? is a global minimizer of f if and only if
Vf(z*) =0.

Proof. Follows directly from Proposition 2.3 and Proposition 1.6. O



Corollary 2.4.1. Local minimizers of convex functions are global minimizers.

Gradient Descent

Gradient descent algorithms for solving ()1} ) follow the iterative scheme
Ty = — 0V f(zy). (D)

It is possible for (G2) to take our iterates x, outside X'; we can rectify this using projections. Projected
gradient descent algorithms for solving (7 ) follow the iterative scheme

Y41 = Ty — n:V f(zy),

PGD
Ty = 1lg (yt+1)- ( )

We can establish rates of convergence of (G2) and (?G2) under certain regularity conditions on f.

L-Lipschitz Functions

Definition 3.1 (L-Lipschitz). We say that f : X — R is L-Lipschitz for some L > 0 if
[f(z) = f(y)| < L]z —y|
forall z,y € X.

Remark. When f is differentiable, f is L-Lipschitz if and only if |V f|| < L.

Theorem 3.2. Let f be convex and L-Lipschitz, x* € X be its global minimizer, and |z, — z*| < R.
Further let x, ...,z be T iterates of (P GD) withn = R/L\/T. Then,

( th)_ )<

1 & R
f (? > xt) —f@) <5 > fz,) — fa) (Proposition 1.3)
t=1

%\i

Proof. Compute

t=1

1 & -

szvf(xt) (z, — ") (Proposition 1.6)
t=1
1 T

ZT—n;( Yor1) (z, — %)
T
= 31y 2l = v+ = o = o =[]



”7L2 1 < £12 w12
<t S e = P = W (yr4) = 27

Ty
’I]L2 1 w112 w12
ZTJFﬁ[”xl_x I” = [|zgs — 2] ]
77L2 R2
- 2 2T
_RL
VT

/-smoothness

Definition 3.3 (¢-smoothness). We say that f : X — R is £-smooth for some £ > 0 if

IVf(2) = Vi)l < e —yl

forallz,y € X.
Lemma 3.4. Let f : X — R for convex X be £-smooth. Then,
14
[f(y) — f(2) = V(@) (y —2)| < 5y — =

Proof. Using the Fundamental Theorem of Calculus,

|f(y) — f(x) = Vi) (y—2)| =

(Lemma 1.11)

/(Vﬂw+«y—m»—VﬂmF@—mwu
0

s/WVAm+uy—m»—VﬂmHWy—ﬂdt
0

1
s/’MW—wwW—wdt
0

¢ 2
= Sly— =P,

When f is convex, the norm on the left hand side is redundant, giving the estimate

0< f() — (&) ~ V(@) (s — ) < gyl

In fact, we can use /-smoothness to improve upon the estimate in Proposition 1.6.



Lemma 3.5. Let f be convex and £-smooth. Then,

f()~ F) < V@) (@ —9) — o IVi @) - VI

Proof. Set z =y + (V f(x) — V f(y))/¢. Using Proposition 1.6, Lemma 3.4,
f@) = fly) = (f(2) = f(2) + (f(2) — f(y))

< V(@) (2~ 2) + V1) () + eyl
= V(@) (@ ) + (V) = V@) —9) + gz — ol
= Vi(@) (@~ y) ~ 71V (@) ~ VIWI + 595 () — Vi)l

= Vi@ (2 1) ~ 5V f(z) ~ VI .

Corollary 3.5.1. Let f be convex and £-smooth. Then,

(Vi@) = Vi) (o —y) = 5IVF@) - Vi)

Theorem 3.6. Let f be convex and £-smooth, z* € R? be its global minimizer. Further let {x,},.y be
iterates of (G) withn = 1/{. Then,

||It+1 - ac*” < oy — 2|

forallt € N.

Proof. Using V f(z*) = 0 and Corollary 3.5.1,

* 2 2 T * *
||a:t+1 -z || = ||mt+1 - xt” + 2@y —2y) (T — %) 4z, —2 ”2
1 2
= SV @I = SV ) (@ —2) + 2, — 2|
1 2 2 2 w02
< E—QIIVf(ﬂﬂt)II — L,—ZIIVf(ﬁvt)II + |z, — 27|
1
= —e—zHVf(%)ll2 + |z, — 2*]
< =, — 2. O

Theorem 3.7. Let f be convex and {-smooth, z* € R? be its global minimizer, and |z, — z*| < R.
Further let x,, ..., xp be T iterates of (GD) withn = 1/{. Then,

20R?

f(xT)—f(x*)ST_l-




Proof. Using Lemma 3.4, note that
T E 2
f($t+1) — f(zy) < Vf(zy) ($t+1 - xt) + §||$t+1 - xt“
1 2

= IV i@)I

Setting §, = f(z,) — f(x*), this reads
1

Opp1 <0 — ﬂ”vf(l')uz

Now,

6 < V() (2, —2") < |Vf(z)llz, — 2*| < |V f(@)lley — =],

with the last inequality guaranteed by Theorem 3.6. Setting w = 1/20|z, —z*|?, this is
IV f(z,)]?/2¢ > wé2. Thus, 6,41 < 8, — wd?, which rearranges to

1 1 S 0, >
— —— > w— >w.
Opp1 O Op41
Summing over ¢ gives 1/6; > w(T — 1), which is the desired estimate. O

Remark. We have shown that

1 1
ZIIVJ”(@“t)II2 < f(my) = fapyq) < 2_£||vf(xt)”2'
a-strong Convexity

Definition 3.8 (a-strong Convex Function). We say that convex differentiable f is a-strongly convex
forao > 0 if

f4) = f(2) + V(@) (y =) + 5 ly — oI

forallz,y € X.

Remark. This is often presented as
o
f@) = fy) < Vi) (z—y) — Slz —yl*

Thus, a-strong convexity is a strengthening of the gradient inequality (Proposition 2.4).

Example 3.8.1. All convex functions are ‘0-strongly convex’.

We can improve upon Theorem 3.2 and Theorem 3.6 dramatically with this added assumption.

10



Theorem 3.9. Let f be a-strongly convex and L-Lipschitz, and let x* € X be its global minimizer. Further
letxy,...,xp beT iterates of (PGD) withn, = 2/(a(t 4+ 1)). Then,

L t 22
2z, | — f(2") £ ————.
/ (Zﬂ T(T +1)/2 ) fa’) a(T +1)

Note that when f is both a-strongly convex and ¢-smooth, we have

Uy —al? < ) — () ~ V(@) (y— ) < Sy~ al?

This also justifies that o < /4.

Lemma 3.10. Let f be a-strongly convex and £-smooth, and let xt = x — %Vf(x) Then,

f(a*) — 1) < V(@) (@ —3) — VI @)I2 ~ Slo — 2
Proof. Write
<@ (@t — ) + et —al + V@) (@ —y) — Sle —l?

= S IV@P + IV @ + V(@) (@~ y) — Sle — ol?

- _iuw(ac)u?Jer(oc)T@c—y)—%Ilﬂc—y”2 H

Theorem 3.11. Let f be a-strongly convex and {-smooth, and let x* € RY be its global minimizer. Further
let {z,},cy be iterates of (GD) withn = 1/£. Then,

(B $*”2 < et/ |z, — 2|
forallt € N.
Proof. Write
[E— x*“z = [lwen — $t||2 + |, — 2| + 2z — wt>T(mt —z¥)

1 2
= £—2||Vf(xt)||2 + |z, — x*"z - va(mt)T(xt —z¥)

1
< e_gllvf($t)||2 + |z, — 2|

2 1 «
7 [f(xt+1> — f(z*) + ﬂ”Vf(xt)HQ + 5”% - x*HQ (Lemma 3.10)

< lo, ' = Fla, — 2| (f(241) = F(@"))

1



a
= (1 — Z) |z, — 2.

S

Iterating and using 1 — s < e¢~*, we have

|2 - ¢ x| 2 —ta/l *||2
||xt+1—m|| < 1_2 |lzy —z*|" <e |lzy — 2" O

A version of the above still holds with regards to (P G2).

The quantity k = ¢/« > 1, called the conditional number, controls the rate of convergence of (G2).
Convergence is especially slow when & is very high.

Example 3.11.1. Let f(z) = %xTAm for positive definite A. Then, £ and « are the largest and smallest
eigenvalues of A respectively.

Momentum-Based Gradient Descent

Polyak’s Heavy Ball Method
Polyak’s heavy ball method follows the iterative scheme
Tepr =T — 0V (@) + By(@ — 2y _y). (HB-9D)
Remark. The (HB-G2) method can be viewed as a discretized version of the heavy ball flow

i+yi=—Vf(z).

Lemma 4.1. Given M € R%? and e > 0, there exists a norm || - |, such that |M|. < p(M) + ¢, where
p(M) = max{|A], .., |\, |}

is the spectral radius of M, and A\, ..., \,, are the eigenvalues of M.

Remark. Recall that every norm | - | on R? naturally induces a matrix norm
| M = sup{||Mz] : || = 1}

on R%*4, The spectral radius satisfies p(A) < | A| for every natural matrix norm | - |. The above lemma
shows that

p(M) =inf{|M]| : |- | is a matrix norm}.

12



Theorem 4.2. Let f(x) = sx" Az for positive definite A € R*?, and let {z,},cy be iterates of

(HB-GD) with
B 2 ’ _ (1Yt
" <ﬂ+¢a> ) (ﬁﬂ) T

where £, o are the largest and smallest eigenvalues of A. Then, for every € > 0, there exists a norm | - ||,

such that
Tiy1
Ty

)]

forallt € N.

Proof. Note that V f(x) = Az, so the (HB-92) updates read

Tyl = Ty — nAz, + B(z, —x,1) = (1 + B)I; —nA)x, — B, 4,

(xtﬂ) _ ((1 +pB)I; —nA —,BId> ( T, )
x, 1, 0 T, q)

which can be rewritten as

Notate this as

Since Hj|Vj| = | det(B)| = B for eigenvalues {v; ?il of B, we must have p(B) = max;|v;| > v/B.
The eigenvalue equation for B reads

B(y) _ ((1+ﬂ)y—nz4y—6z) _ ”@) PN {nvAz: B+ 1+ By —v?)z

z Y Yy =vz

Thus, the eigenvalues {);}%, of A and {vy; ;,vs;}&, of B are related via nA\v = B+ (1 + B)v —

V2, or

Voi—1,2i = % (1 +B8—n\ £ \/(1 +B—n\)° - 4ﬁ>‘

Note that when A; = (1+ 8 —n);)°> —48 < 0, we have |vy; ;| = |vy;| = v/B. Thus, for p(B) to
achieve the lower bound /3, we need (1 — \/B)z <\ < (1 + \/B)Q for all 4, which holds when

2 2
(1—\/5) Snaén@g(l—l—\/ﬁ).
Plugging in our choice of 7, 3, this is indeed true.

We now have p(B) = /f. Pick a norm | - |, such that | B|. < /B + € using Lemma 4.1, whence

t
1%l < 1B 1%, < (VB+e) 1% 0

Remark. Given f(z) = 4 (z — 2*)" A(z — z*) for positive definite, symmetric A, set y = P(z — z*)
where A = PT AP is the diagonalization of A. Minimizing f is now equivalent to minimizing g(y) =

yTAy.

13



Nesterov’s Accelerated Gradient Descent
Nesterov’s accelerated gradient descent follows the iterative scheme

Yy = o + BTy — T4 1),
N-ASD
Tip1 =Y — n:V f(yg)- ( )

Theorem 4.3. Let f be a-strongly convex and £-smooth, and let ©* be its global minimizer. Further let
{z, }1en be iterates of (N-AGD) with

R s )
n_Za /8_ \/E-i-l’ /{_a
Then,
1\'(1
fe) =1 < (1-72) (52) oo =T
forallt € N.

Theorem 4.4. Let f be convex and {-smooth, z* be its global minimizer, and ||z, — =*|| < R. Further let
Zy, ..., xp be T iterates of (N-AGD) with

1 1+ /144X A —1
n:Z? )‘t+1:fv Bt—i-l: \ )
t+1
where A\ = By = 0. Then,
. _ 2UR?
flag) — fla*) < -

Subdifferentials

Definition 5.1 (Subdifferential). Let f : X — R be convex. The subdifferential of f at x € X is the
collection of all directions v such that

fly) 2 f@) +v" (y — =)

for all y € X, and is denoted 0 f(z).

Compare with the gradient inequality (Proposition 1.6) for differentiable convex f.

14



Example 5.1.1. Consider f : R — R, x = |z|. Then,

{—-1} ifz<0
Of(z) =< [-1,1] ifz=0
{+1} ifz>0

Example 5.1.2. Consider f : R - R,z > |z|; = ijl\miL Then,
Of(z) ={v:v; € Olz;| for all 1 <17 < d}.

Example 5.1.3. Let X be closed and convex. The subdifferential of the indicator function I4 at z €
X is the normal cone Ny ().

It is clear that the subdifferential 0 f(x) is closed and convex. Showing that it is nontrivial requires
more work.

Proposition 5.2. Let f : X — R be convex. Then, 0 f(x) is nonempty for all x € ri(X).

Proof. Note that epi(f) is convex via Proposition 1.5. Use Proposition 1.15 to find a supporting
hyperplane to epi(f) at (z7 f(x))T,ie (v' s)" # 0such that forall (y" )" € epi(f),

vi(y—2)+s(a— f(z)) <0.
By considering y = z and o > f(z), we must have s < 0.If s = 0, we would need v' (y — x) < 0 for

all y € X, which would force v = 0 since = € ri(X’). Thus, s < 0; putting a = f(y), we have

’UT

fw) = fa) Sy~ a),

whence —v' /s € 0f(x). O

The next result follows immediately from the definition of the subdifferential; compare this with
Proposition 2.4.

Proposition 5.3. Let f : X — R be convex. Then, z* € X is a global minimizer of f if and only if
0 € af(z*).

When f is differentiable at x € int(X'), the subdifferential reduces to the usual gradient, with 0 f(z) =
{Vf(z)}. Indeed, Proposition 1.6 shows that Vf(z) € 0f(x). To check that there are no other
elements, pick v € 0f(z), and note that for A > 0,

fl@+ ) — f(z)
A

hence (V f(x) —v) "u > 0 for all directions u. This forces v = V f ().

vl <

- Vf(x)Tu as X —0,

The converse of the above result also holds, in the following form.

15



Theorem 5.4. Let f: X' — R be convex and x € int(XX). If f is differentiable at x, then 0f(z) =
{Vf(x)}. Conversely, if 0 f(x) = {v}, then f is differentiable at x with V f(x) =

Proof. See [1, Theorem 25.1]. O

Example 5.4.1. Let f,, f, be convex and differentiable, and let f = max{f;, f5}. At points = where
fi(z) # fo(x), we have O f(x) = {V f(z)}. Otherwise, 0 f(z) = conv(V f,(x), V f5(z)).

Lemma 5.5.

1. O(af) = a(0f) fora > 0.

2. 0(fy + fo) =0f, +0fs.
3. 0g(z) = ATOf(Ax +b) for g(x) = f(Ax + b).

Lemma 5.6. Let f = max{f,..., f,,}. Then,
Of(z) = conv ( U 3fi(x))
if(z)=f;(z)

Subgradient Descent

The subgradient descent algorithm follows the iterative scheme

Ty =Ty — N0y, v € Of (Ty). (85D)

Theorem 5.7. Let f be convex and L-Lipschitz, * be its global minimizer, and |x; — x*|| < R. Further
letxy, ...,z beT iterates of (5G2D). Then,

R? +L2Z 77t
min f(z,) - f(z") < =
22 17775

Proof. Write

||$t+1 -z || = |z, — = || - 27)t”t (r, — ") +n; ||Ut ||
<l — 2** — 20,(f(z,) — f(2*)) +n?L2.

This gives

(Z 77t> (1121<an y) ) ZQW ("))

T
< |z — 517*”2 - ||9UT+1 - $*||2 + ZH?L2
t=1

16



T
<Ry .

t=1

Remark. We would like . My — oo while > . n? < oo; this is achieved by step sizes of the form
n, = 1/t.

Exponential Gradient Descent

Consider the standard d-simplex
d
Ad:{xERd:inzl,m’iZOforalllgigd}.

Members of A% can be naturally identified with discrete probability distributions on {1, ..., k}. Given
convex f, we examine the optimization problem

min f(z). (Mpa)

zeAd

The exponential gradient descent algorithm follows the iterative scheme

d
P th e V=i

i=1 (592))
1) _ 1 20 =1V ),

i 2t

Since we are effectively dealing with probability distributions, we will use the Kullback-Leibler diver-
gence instead of a Euclidean norm to describe convergence in A9,

Definition 6.1 (Kullback-Leibler Divergence). The Kullback-Leibler (KL) divergence of p € A¢ with
respect to ¢ € A? is defined by

KL(p o) = E, [1og 2) | - szlog@)

Note that for any z* € A¢, the concavity of the logarithm gives

1 d
p ) Zx log(x} - d) <log(z ) < log(d).

=1

KL (x*

This is often useful in bounding the ‘diameter’ of A<,

Lemma 6.2. For iterates of (£GD),

KL(.’E* || a:(t)) — KL(m* || J:(t“)) = —an(x(t))Tw* — log(z(t)).

17



Theorem 6.3. Let f be convex such that |V f|., < £ on A, and let z* € X be its global minimizer.
Further let 2V, ..., ™) be T iterates of (£GD) with

1 [log(d) W _ 1

Then,

. log(d)
( Z z! )) ) <2/ T

Proof. It will suffice to show that

T * (1)
V() (2 - 2) < % -y
t=1

from which the result will follow using Proposition 1.3 and Proposition 1.6, much like in the proof
of Theorem 3.2. Indeed, checking that e™® < 1 + z + 22 for z < 1 and noting that |V |, < 1 for
sufficiently large T,

log() = log Igwe—n(wwﬂ))i)

9

<log

Il
—

b2

=log| 1—nVf( x(t —i—ZnZVf )

<log(1—nVf(z®) a0 +2e2)
—nV f(z®) 20 4 202,
Thus, by Lemma 6.2,
nVf(z0) (2 — o*) — P <KL(a" || 2®) — KL(z" | 2*D).

Summing over ¢ and rearranging gives the desired result. O
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